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 Abstract 41 
                                                 42 
Based upon research results over the past five decades, there has been a general 43 
acceptance that the ice ages were initiated by astronomical phenomenon.  Specifically, 44 
marine, ice and terrestrial paleoclimate data have supported elements of the Milankovitch 45 
astronomical theory of the ice ages.  However, there remain unresolved problems 46 
between the empirical findings and theory.  The “100 thousand year problem” has been 47 
the subject of extensive research since a 100 thousand year cycle that matches the Earth 48 
orbit eccentricity period dominates the frequencies found in paleoclimate records.  Yet, 49 
eccentricity produces an insignificant variation in annual solar energy.  Other problems 50 
include the “Stage 11 problem”, the “ missing interglacials problem”, how glaciation is 51 
sustained over multiple tens of thousands of years and synchronous hemispheric 52 
glaciation. I shall show these problems are resolved by modification of the prevailing 53 
Milankovitch theory.  In particular, two elements of the theory need modification.  One is 54 
the limitation of eccentricity’s role and the other assuming that glaciation results only 55 
from cool summer conditions. By applying the Solar Energy Invariance law to define e-56 
seasons, how eccentricity provides conditions for glaciation is demonstated. The results 57 
show eccentricity variations provide significant solar energy variations at the top of the 58 
earth’s atmosphere to produce glaciation that is global.  Global glaciation results in colder 59 
winter glaciation occurring in one hemisphere simultaneous with cool summer glaciation 60 
in the other hemisphere. Analysis with these modifications resolves each of the problems. 61 
 62 
1 Introduction 63 
The Milankovitch (1998) theory of astronomical forcing of the ice ages has been the 64 
benchmark that paleoclimate proxy records have been compared. Ground breaking 65 
research (Hays, et al. 1976) revealed a strong correlation of oxygen isotope proxy cycles 66 
to cycle periods matching those of Earth orbit eccentricity, precession and obliquity 67 
leading to the general acceptance that astronomical elements are responsible for pacing of 68 
the ice ages.  However, unresolved contradictions between empirical findings and theory 69 
have been revealed.  In particular, spectral analysis revealed a dominant 100 thousand 70 
year (kyr) cycle in the oxygen isotope records matching the eccentricity period, yet 71 
eccentricity has an insignificant impact on annual solar energy leading to studies for an 72 
explanation.  This is referred to as the “100 kyr problem”. The trend in recent studies has 73 
been to dismiss eccentricity and to attribute the dominant cycle to multiples of precession 74 
or obliquity cycles, consistent with the Milankovitch assertion that eccentricity played a 75 
minor role in glaciation.  The prevailing version of Milankovitch’s theory is limiting both 76 
seasonally and geographically by focusing on cool summers in high latitudes of the 77 
Northern hemisphere, primarily mid-summer at 65 degrees north latitude (S65N). I shall 78 
show that by expanding the theory globally and seasonally that eccentricity does provide 79 
necessary solar energy conditions for global glaciation.  Other contradictions resolved 80 
include the “Stage 11 problem”, the “ missing interglacials problem”, how glaciation is 81 
sustained over multiple tens of thousands of years and synchronous hemispheric 82 
glaciation.  83 
 84 

2 Eccentricity, the Solar Energy Invariance law and e-seasons 85 
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 86 
Of the three astronomical elements, eccentricity (e) determines the change in solar energy 87 
reaching the top of the Earth atmosphere (TOA) through changing orbit geometry 88 
(distance) and dynamics (velocity). The Earth’s mean annual solar energy varies 89 
according to (1-e2)-1/2 and is virtually invariant at less than 0.3% change over the past 90 
million years leading the Milankovitch theory to dismiss eccentricity as the source of the 91 
dominant 100 kyr cycle.  Many alternatives to eccentricity have been proposed such as 92 
Earth orbit inclination variations exposing the Earth to interplanetary dust clouds with a 93 
near 100 kyr period (Muller and Mac Donald, 1997), that near 100 kyr cycles originated 94 
from every fourth or fifth 22 kyr precession cycle (Ridwell et al. 1999), that obliquity 95 
with a 41 kyr cycle could be near 100 kyr after every two or three cycles (Huybers and 96 
Wunsch, 2005) or simply that eccentricity’s significance was a myth (Maslin and 97 
Brierley, 2015). A prevailing theory is that eccentricity provides a weak trigger for 98 
producing non-linear feedbacks amplifying the weak signal (Imbrie et al., 1993).  Non-99 
linear response sources proposed have included ice sheet dynamics (Imbrie and Imbrie, 100 
1980) and global carbon/greenhouse gas cycles (Shackleton, 2000).  101 
 102 
To demonstrate the significance of eccentricity, I first examine the relationship of solar 103 
energy and orbit mechanics and then quantify with insolation curves.  Solar intensity 104 
varies inversely with the square of Earth-Sun distance and solar energy is solar intensity 105 
applied over a period of time.  Sir John Herschel derived a theorem (Herschel, 1835; 106 
1902) that “equal amounts of heat are received from the Sun in passing over equal angles 107 
round it.” I shall refer to this theorem as the Solar Energy Invariance law where the solar 108 
energy received by the Earth in one degree of transit is invariant anywhere along the orbit 109 
regardless of eccentricity. An interesting example is that the energy over one degree of 110 
arc at perihelion (closest distance) equals the energy over one degree of arc at aphelion 111 
(furthest distance).  The lower solar intensity at aphelion is compensated by a slower 112 
velocity and longer arc thus more time of exposure. Conversely, the higher intensity at 113 
perihelion is compensated by a higher velocity and shorter arc thus less time of exposure.   114 
     115 
Although solar energy per degree of Earth transit is invariant, the solar energy per day 116 
does vary with Earth-Sun distance.  This allows me to define eccentricity-derived seasons 117 
or e-seasons.  How eccentricity influences daily energy is illustrated in Fig. 1 for a 118 
hypothetical 100 kyr cycle where Earth orbit moves from circular to elliptical (e = 0.05) 119 
and then back.   The figure is a depiction not drawn to scale. The e-seasons are defined by 120 
dividing the Earth orbit into 90-degree quadrants. Aphelion and perihelion are at the 121 
center of their quadrants. The aphelion and perihelion quadrants will be referred to as the 122 
ap and peri seasons respectively.  The upper quadrant between peri and ap seasons is the 123 
post-peri season. The opposite season is the post-ap season. Since annual energy is 124 
virtually constant and applying the Invariance law, each e-season receives one-fourth the 125 
annual total throughout the cycle. The figure illustrates the areas swept out by the Earth’s 126 
radius during its travel through the ap (blue) and peri seasons (orange).  As the orbit 127 
becomes elliptical (shifting to the left), the aphelion distance becomes longer and the 128 
perihelion shorter since the aphelion to perihelion distance (major axis) remains constant. 129 
The area swept out in the ap season expands (dark blue) as eccentricity increases while 130 
the area for the peri season contracts (dark orange).  Despite the area differences, the  131 
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 132 
 133 

 134 
 135 
 136 
solar energy of each e-season remains the same due to the Invariance law.  Kepler’s 137 
second law states that equal areas are swept in equal times so that ap season cooling 138 
results from a longer travel time lowering average daily energy.  This is expected as 139 
Earth-Sun distance is longer in the ap season.  Conversely, the peri season is warming 140 
due to a shrinking area, shorter time and higher average daily energy.  The post e-season 141 
areas remain constant as does their average daily energy.  As the orbit becomes 142 
increasingly elliptical, the ap season sustains increased cooling and the peri season 143 
sustains increased warming until eccentricity equals 0.05, then the process reverses 144 
ending back as a circular orbit after 100 kyr.  The contrast between the cooling ap season 145 
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Figure 1.  The four e-seasons in a 100 kyr eccentricity cycle. The chart depicts the Earth 

orbit changing from an eccentricity (e) of 0.0 (circular orbit) to 0.05 (elliptical) and back.   

The Earth moves counter clockwise in the orbits.  The aphelion Earth-Sun distance 

increases while the perihelion distance decreases as e expands but the sum remains 

constant.  Applying the Solar Energy Invariance law and Kepler’s second law, the 

change will result in ap season cooling (dark blue) and peri season warming in (dark 

orange). The cooling and warming are global.  ν is the true anomaly.

Earth
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and the warming peri season grows with eccentricity increases and diminishes as 146 
eccentricity decreases.  The cooling and warming is global and not affected by the 147 
Earth’s spin axis tilt to the orbit plane. Cooling is experienced in both hemispheres 148 
simultaneously as is warming.  As the Earth cools while moving through the ap season, 149 
the traditional season being cooled could be summer, winter, spring or fall. The same 150 
situation holds for warming in the peri season. The interplay between e-seasons, 151 
traditional seasons and hemispheres will be addressed in Sect. 4.   152 
 153 
The great ice sheets of the ice ages resulted from sustained snow growth over thousands 154 
of years of continuous glaciation conditions.  Croll (1875) postulated that glaciation is 155 
produced by long periods of colder winters where snow accumulated as snow replaced 156 
rain at higher latitudes.  On the contrary, Milankovitch (1998) postulated that glaciation 157 
and snow/ice accumulated from sustained cooler summers reducing annual snowmelt. 158 
Both Croll and Milankovitch defined winter and summer in terms of half years.  Which 159 
theory is valid has been a long running debate (Imbrie and Imbrie, 1989).  Global cooling 160 
in the ap season indicate both the Croll and Milankovitch type glaciations could 161 
simultaneously occur in opposite hemispheres. Annual snow growth for building ice 162 
sheets would result from more snow created in the colder winter of one hemisphere and  163 
less snowmelt in a cool summer of the other hemisphere.  Additional snow increases 164 
albedo levels would promote further cooling.  The warmer peri seasons would provide 165 
additional moisture for more snow at high latitudes.  That glaciation is global is widely 166 
accepted and supported by the paleoclimate record (Imbrie and Imbrie, 1989, Imbrie et 167 
al., 1993; Lisiecki and Raymo, 2005; Lang and Wolff, 2011).  This empirical support of 168 
global glaciation is also empirical support for Croll glaciation since cool summer 169 
glaciation in one hemisphere means colder winter glaciation in the other.  Bol’shakov 170 
(2000, 2011) has consistently advocated the concept of cool summer and colder winter 171 
glaciation coexisting in opposite hemispheres.  I define deglaciation in this analysis as 172 
decreasing eccentricity reversing the glaciation conditions.  173 
 174 
It should be noted that both Croll and Milankovitch postulated that more moisture would 175 
be created during warmer summers or warmer winters in the peri seasons.  The increasing 176 
solar energy raises the vaporization rates. This would be true for the early stages 177 
glaciation.  However, as glaciation matures diminishing returns would result as the 178 
shrinking global water reserve due to glaciation offsets the rising vaporization rate 179 
resulting in declining moisture volume. Thus, during the latter part of a glaciation phase, 180 
ice sheet growth will be expected to decline. 181 
 182 
3 Global e-season insolation curves  183 
 184 
The eccentricity of the past million years (Laskar, 1993; 2018) shown in Fig. 2a reveal 185 
three discernable cycle periods of approximately 65 kyr, 100 kyr and 400 kyr. The 186 
eccentricity of the present interglacial, a relative warm period, is 0.0167 (dashed line) and 187 
in the midst of a projected 65 kyr cycle (partially shown).  The eccentricity ranges from 188 
less than 0.01 to 0.06.  Daily solar energy is my measure of insolation.  The e-season 189 
average daily energy is the e-season total energy divided by the e-season length in days 190 
(See Appendix A).  The e-season insolation curves of Fig. 2b present the average daily 191 
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solar energy as a percentage variation from the circular orbit daily solar energy.  The term 192 
“insolation” here will refer to the solar energy variation not the magnitude. The daily  193 

 194 
 195 
 196 
energy for post-ap and post-peri seasons are equal to the circular orbit level for the entire 197 
one million years so their variations are nil.  Since total annual energy is constant, 198 

0 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

Ec
ce

nt
ric

ity
 

0.0167

380 388

94

68

104

110

96

64

106

112

112

-10 

-8 

-6 

-4 

-2 

0

2 

4 

6 

8 

10 

12 

1000 -900 800 700 600 500 400 300 200 100 0 

Ap Season 
Peri Season 
Post Seasons 

Present

Present

Thousands of years before present 

(a)

(b)

Da
ily

 S
ol

ar
 E

ne
rg

y A
no

m
aly

 (%
)

Figure 2. (a)  Earth orbit eccentricity for past one million years.  The chart exhibits three 

cycles with periods approximating 65 kyr, 100 kyr and 400 kyr cycles.  The dashed line 

indicates the present eccentricity.  (b) Global daily solar energy anomalies for the e-sea-

sons over the past one million years.  The anomalies are variations from the reference 

circular orbit daily solar energy.  The post-ap and post-peri seasons have average daily 

solar energies equivalent to the circular orbit.
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increased ap cooling (more negative) is countered by higher peri warming and reduced 199 
cooling is accompanied by reduced warming. Conditions for glaciation occur during 200 
increasing eccentricity resulting in increasing ap season cooling (more negative) and 201 
increasing peri season warming while conditions for deglaciation occur during 202 
diminishing eccentricity. The ap season anomaly values range down toward negative 203 
10% and the peri positive variation toward positive 12% indicating a contrast over 20%.  204 
Global temperature variations are not directly derived from eccentricity deviations since 205 
annual solar energy is constant.  Instead temperature increases and decreases are derived 206 
indirectly by Earth system responses to solar energy variations including the contraction 207 
and expansion of the cryosphere, the corresponding albedo variations and the carbon 208 
cycle.  209 
 210 
I do not specifically define an interglacial, only that an interglacial would exist when ap 211 
season insolation is near or above the present interglacial level and conversely when peri 212 
season insolation is near or below the present level.  Figure 2b indicates long interglacials 213 
occur between the 400 kyr cycles and shorter ones exist between 100 kyr cycles.  The 65 214 
kyr cycles are contained within the major interglacials.  As eccentricity approach low 215 
values, obliquity is influential in producing interglacials. This will be discussed in Sect. 216 
4. The major interglacial at 400 kyr before present (ka) has been widely studied as 217 
geological findings indicate conditions may have been similar to present conditions 218 
(Howard, 1997; Loutre and Berger, 2003; Rowling et al., 2010; Yin and Berger, 2015) 219 
and may provide clues to the Earth’s future.  The low peri season insolation levels here 220 
demonstrate the “400 kyr problem” or “Marine Isotope Stage (MIS) 11 problem” since 221 
the prevailing expectation is that a warm period should exhibit high insolation levels. On 222 
the contrary, interglacials occur when eccentricity approaches zero as this is a relatively 223 
warm state due to a shrinking cryosphere and other reversals of Earth responses.  The 224 
solar energy and variation for both the warm peri season and the cool ap season are low 225 
here. This problem will be addressed again with respect to low summer insolation at the 226 
400 ka interglacial. 227 
 228 
4 Traditional seasons and hemispheric insolation curves  229 
 230 
The Earth’s spin axis tilt and wobble distributes the eccentricity-derived solar energy 231 
geographically and seasonally. Obliquity (ε) is the angle between the spin axis and a 232 
vertical to the Earth’s orbit plane, the ecliptic.  This angle varies between 22.1 and 24.5 233 
degrees with a period of 41 kyr.  The spin vector, defined by its spin direction, lies along 234 
the spin axis and points north.  Summer solstice occurs when the vector projected onto 235 
the ecliptic points directly at the Sun.  This defines orbit positions for the autumnal 236 
equinox, winter solstice and vernal equinox each separated by 90 degrees respectively. 237 
Precession is the axis wobble whose projected vector angle is measured relative to 238 
perihelion and has a 22 kyr period.  For this analysis, precession refers to its angular 239 
rotation only, not to be confused with the term “precession” in many studies referring to 240 
the product of eccentricity and the sine of the precession angle.  Currently, obliquity is 241 
23.4 degrees and decreasing.  The Earth’s traditional seasons result from the tilt so that 242 
precession has a significant impact on these seasons relative to the e-seasons.  For this 243 
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analysis, vernal equinox is defined as the middle of the spring season quartile rather than 244 
the start of spring.  The other seasons follow suit.   245 
 246 
The e-seasons are fixed relative to aphelion and perihelion while the traditional season 247 
quadrants rotate relative to the orbit semi-major axis.  Figure 3 depicts the clockwise  248 
 249 
 250 
 251 

 252 
 253 
 254 
rotation of traditional seasons through the e-seasons in each hemisphere over a precession 255 
cycle of 22 kyr. Five epochs are displayed where the traditional season quadrants 256 
coincide with e-seasons as eccentricity increases from 0.03 to 0.05. The Earth spin vector 257 
(red arrow) projection on the ecliptic determines the season of each hemisphere where 258 
pointing at the Sun indicates northern hemisphere (NH) summer solstice. The spin vector 259 
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increasing the cooling and warming in the ap and peri seasons.  During year one, cool summer 
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makes one clockwise rotation during the cycle.  Glaciation is taking place throughout the 260 
cycle with all traditional seasons participating as cooling in the ap season would provide 261 
either conditions for snow where rain would have occurred or less snow melt depending 262 
on the season moving through.  The warming peri season would result in  additional 263 
moisture for snow in higher latitudes.  Increasing albedo produces further cooling.  In 264 
year one, cool summer glaciation occurs in the NH while colder winter glaciation occurs 265 
in the southern hemisphere (SH) and the reverse occurs in year 11 kyr.  In between, cool 266 
fall or spring contributes to glaciation.   With an increasing eccentricity, the contrast 267 
between e-seasons is increasing and sustained snow growth exists throughout the cycle. 268 
The glaciation would continue in the next precession cycle as long as eccentricity is 269 
increasing.  Deglaciation begins when eccentricity decreases. 270 
 271 
Insolation due to eccentricity, precession and obliquity is derived at the hemispheric level 272 
for summer and winter seasons over the past 500 kyr.  The measure of insolation is the 273 
average daily solar energy for the hemispheres as a percentage variation over the 500 kyr 274 
mean (See Appendix B).  Figure 4a illustrates the insolation curves of the ap, peri, NH  275 
summer and NH winter.  Fall and spring curves are not shown but would exist between 276 
the summer and winter curves.  The NH summer curve (red) has a profile similar to the 277 
S65N curve (Berger and Loutre, 1992; Paillard, 2001: Laskar, 2018) in both phasing and 278 
relative amplitude. The precession cycles are responsible for the oscillation of insolation 279 
for summer and winter bounded by the ap and peri insolation.  Sustained cooling for 280 
hemispheric glaciation during a 100 kyr cycle is attained by the precession derived 281 
alternation of cool summer and colder winter glaciations. This provides a resolution of 282 
how glaciation is sustained over tens of kyr. This alternation of glaciation types also 283 
explains the missing or “skipped” interglacials in the multiple precession or obliquity 284 
theories (Ridwell et al., 1999; Huybers and Wunsch, 2005) of the dominant 100 kyr 285 
cycles.  That is, the S65N insolation only addresses summer so that high summer 286 
insolation levels project an interglacial while the paleoclimate record may indicate a 287 
glacial period.  However, a winter insolation curve would project low insolation and a 288 
colder winter glaciation consistent with the paleoclimate record. 289 
 290 
Obliquity distributes the variation of the summer and winter curves above and below the 291 
e-season envelopes. Obliquity is prominent when eccentricity approaches zero.  For 292 
example, the ap season peak near 150 ka does not reach the current interglacial reference 293 
line suggesting eccentricity does not provide conditions for an interglacial. However, 294 
obliquity at this point in its cycle has moved insolation above the dashed reference line 295 
providing interglacial level conditions.  At the major interglacials, the obliquity influence  296 
is seen by the insolation oscillating inside and outside the envelopes. Statistical studies 297 
(Huybers, 2011; Feng and Bailer-Jones, 2015) have shown a strong correlation of 298 
obliquity with peak temperature proxy data suggesting obliquity is the causal forcing of 299 
interglacials.  My analysis indicates that this occurs only when eccentricity is low. 300 
 301 
Figure 4b provides insolation curves for the NH summer and SH winter.  The SH and NH 302 
insolation profiles have the same phase and similar relative amplitude indicating  303 
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(a)

Figure 4.  (a) Daily solar energy anomaly for NH summer (red) and winter (blue) 

over the past 500 kyrs.  The anomaly is the daily solar energy variation from the 

season average over the 500 kyr period.  The ap (purple) and peri (green) season 

insolation are shown for comparison. The dashed line indicates present level.  (b) 

Daily solar energy anomalies for NH summer and SH winter.  The chart illustrates 

the phase synchronization of the NH summer and SH winter insolation. 

(b)

Northern Hemisphere
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synchronous glaciation between hemispheres. When cool summers produces glaciation in 305 
the NH, SH colder winter glaciation occurs simultaneously. As indicated earlier, 306 
empirical evidence supports global glaciation.  An issue with the Milankovitch summer 307 
insolation curves is that glaciation is asynchronous between hemispheres. A proposed 308 
hypothesis to produce sychonization in support of the Milankovitch theory has been that  309 
 310 
the ice sheets in the NH are dominant and have a global influence, thus after a lag period, 311 
the SH would follow the climate variations of the NH (Raymo, 1997: Clark et al., 1999; 312 
Raymo and Huybers, 2008). Here, this issue is resolved with global glaciation. 313 
 314 
5 Conclusions 315 
 316 
It has been one hundred years since Milankovitch first published the fundamentals of his 317 
theory (Milankovitch, 1920). That his theory is still the benchmark in examining 318 
paleoclimate records is a testament to the respect for his work.  However, the theory 319 
needs broadening with repect to (1) using annual solar energy as the sole criteria for 320 
judging eccentricity forcing power (2) excluding winter insolation and colder winter 321 
glaciation and (3) limiting the geography to high latitudes. Broadening the theory beyond 322 
these three limitations has provided a resolution to a number of contradictions between 323 
theory and the paleoclimate record. My primary conclusion is that glaciation is a global 324 
phenomenon and the dominant 100 kyr cycle found in spectral analyses of the 325 
paleoclimate records for the past million years represents eccentricity.  Increasing 326 
eccentricity provides increasing contrasts between cooling and warming e-seasons during 327 
the year facilitating snow growth and glaciation.  This increased global cooling allows for 328 
both the Croll colder winter and Milankovitch cooler summer glaciations to occur at the 329 
same time in opposite hemispheres and alternate between hemispheres due to precession.  330 
Global temperature reduction takes place from the sustained snow growth and creation of 331 
ice sheets as well as other feedbacks.  When eccentricity decreases, deglaciation takes 332 
place and ice sheets regress leading to higher temperatures and interglacial conditions.  333 
The interglacials between the 100 kyr cycles are relatively short while major period 334 
interglacials occur between the 400 kyr cycles.  Obliquity becomes significant at lower 335 
eccentricity levels. 336 
 337 
There are two theoretical issues needing further examination.  First, there is the lag time 338 
of roughly 25 kyr between the ap season peaks here and oxygen isotope proxy peaks 339 
found in the paleoclimate record (Raymo, 1997; Lisiecki and Raymo, 2005; Berger et al., 340 
2016). Secondly, how the concepts here would apply to the mid-Pleistocene transition 341 
problem.  This problem relates to the dominance of the 41 kyr cycles in paleoclimate 342 
records beyond one million years (Paillard, 1998; Raymo and Nisancioglu, 2003; Clark 343 
et al., 2006; Nyman and Ditlesen, 2009; Willeit et al., 2019) and what caused the 344 
dominance to switch to the 100 kyr cycle in the million years that followed.  345 
 346 
Appendix A   Equation for computing daily solar energy for e-seasons 347 
 348 
The measure of e-season insolation for this analysis is the average daily solar energy. For 349 
each e-season, the solar energy received is one-fourth the annual global total (Et).  Since 350 
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the mean annual solar energy is essentially constant (varies according to (1- e2)-1/2) and 351 
applying the Solar Energy Invariance law, each e-season will receive a constant amount 352 
of energy regardless of orbit geometry.  This analysis was performed with anomalies 353 
relative to the daily solar energy of a circular Earth orbit so that the Et magnitude was not 354 
required.  The e-season average daily energy is the ratio of the e-season total energy 355 
divided by the e-season duration in days.  The true anomaly, 𝜈, is the angle between the 356 
Earth’s position and perihelion as shown in Figure 1. The equation to compute the season 357 
duration is the following time equation for the Earth travelling an arc from true anomaly 358 
positions 𝜈! 𝑡𝑜 𝜈!:  359 
                                                                                                                                    360 

  tab =
T
2π

vb − va( )− 2e sin vb − sin va( )⎡
⎣

⎤
⎦                           (A1)       361 

 362 
T is the orbit period of 365.25 days.  Eccentricity is the symbol e. Based upon Kepler’s 363 
third law that orbit period squared is proportional to the semi-major axis (half the 364 
aphelion-perihelion distance) cubed, T is constant for all Earth orbits since its semi-major 365 
axis remains constant. This time equation is the Milankovitch (1998) derivation valid for 366 
small e.  Milankovitch derived this equation based upon an earth-centered geometry.  For 367 
computing e-season insolation curves, the true anomalies for the beginning and ending of 368 
each e-season is based upon fixed positions relative to perihelion. The true anomaly for 369 
an e-season’s arc in radians is as follows:  ap season is ¾ 𝜋 to 1¼ 𝜋, post-ap season is 370 
1¼ 𝜋 to 1¾ 𝜋, peri season is 1¾ 𝜋 to ¼𝜋 and post- peri season is ¼ 𝜋 to ¾ 𝜋.  At the 371 
maximum e of 0.058 during the one million years, the Earth takes 81.8 days to traverse 372 
the peri season and 100.8 days for the ap season.  The traverse time for both the post-373 
perihelion and post-aphelion quadrants is 91.3 days.  The traverse time for any 90-degree 374 
quadrant of a circular (e = 0) orbit is 91.3 days. Thus, the post e-seasons average daily 375 
energies are equivalent to the circular orbit.  The values for astronomical elements, 376 
eccentricity, precession and obliquity, were obtained from the La2004 database at 377 
http://vo.imcce.fr/insola/earth/online/earth/online/. 24 The sampling step was 2000 years. 378 
 379 
Appendix B.   Equations for computing hemispheric daily solar energy  380 
 381 
The objective of this analysis is to extend the Milankovitch theory and resolve 382 
contradictions revealed due to the limitations of the theory.  As such, this objective can 383 
be achieved by the derivation of insolation at the hemispheric level.  The measure of 384 
insolation is average daily solar energy for the NH and SH.  Unlike the constant solar 385 
energy of each e-seasons, the hemispheric traditional season energies are impacted by 386 
obliquity and precession.  The solar energy for a hemisphere’s season is based upon 387 
equations developed by Milankovitch (1998).  Again, the global annual solar energy is 388 
essentially constant.  Specifically,  389 

	390 
	391 

                               N =
Et
4π

λ"−λ '( )− sinε cosλ"− cosλ '( )⎡
⎣

⎤
⎦                (B1) 392 

 393 
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  394 
 395 

where    Ns = Northern hemisphere season solar energy 396 
             Et = Earth’s total annual solar energy 397 
                  𝜆 = Angle of Earth’s position to vernal equinox (longitude)  398 
      ℰ =  Earth’s tilt angle (obliquity) 399 
 400 
And for the southern hemisphere 401 

	402 

                               S =
Et
4π

λ"−λ '( )+ sinε cosλ"− cosλ '( )⎡
⎣

⎤
⎦                (B2) 403 

  404 
 405 
Equations (B1) and (B2) provide the solar energy the hemisphere receives when the Earth 406 
travels from longitude 𝜆! 𝑡𝑜 𝜆".  Note that the sum of these two equations is a 407 
mathematical expression of the Solar Energy Invariance law, that is, the total global 408 
energy is just a linear function of the arc travelled.  For summer, the longitude is ¼ 𝜋 to  409 
¾ 𝜋, fall is ¾ 𝜋 to 1¼ 𝜋, winter is 1¼𝜋 to 1¾ 𝜋, and the spring season is 1¾ 𝜋 to ¼𝜋.  410 
The average daily solar energy is obtained for each hemisphere season by dividing the 411 
seasonal energy by the number days to travel the season arc. That is, dividing either 412 
equation (B1) or (B2) by (A1).  In computing time of transit for traditional seasons, the 413 
season beginnings and endings are moving relative to perihelion.  Precession moves the 414 
vernal equinox location relative to perihelion.  The angle between the vernal equinox and 415 
perihelion is defined as the longitude of perihelion, 𝜔.  For the computation of season 416 
days in (A1), true anomaly (𝜈) is equal to the sum of 𝜔 and λ.  Since the angle λ is a 417 
constant, dependent on season, the time is a function of the moving 𝜔 and ℰ.  An 418 
adjustment to 𝜔 may be needed depending on the whether the astronomical element data 419 
set used Earth or Sun center calculations.  Adjustments were not necessary for the 420 
La2004 database used here.   421 
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