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1 Methods
Assume a linear relationship exists between temperature T and proxy P :

T = BP + ε, (1)

where ε denotes the error term, following a standard multivariate normal distribution.
One can show that when PtP is non-singular, i.e. P is full rank, the estimate of B is given
by the ordinary least square estimates:

B̂ = (PtP)−1PtT (2)

In paleoclimate reconstructions, however, it is often the case PtP is rank-deficient, making
traditional regression methods no longer applicable. Four CFR techniques are used here
to solve the problem.

1.1 RegEM-TTLS [Schneider , 2001]

Reconstructions with RegEM-TTLS were performed using the standard algorithm de-
scribed in Schneider [2001]. In particular, the implementation of TTLS follows the de-
scription in Fierro et al. [1997]. First, SVD is calculated on the augmented data matrix
A ≡ (Tcalib,Pcalib), in which small singular values are treated as zeros, and Tcalib,Pcalib

refer to T,P over the calibration period. Regularization is achieved by retaining only the
first k large eigenvalues of the SVD of A. The choice of k determines to what extent the
SVD of A is regularized, and can be user-specified or chosen adaptively by an algorithm.
In this study, k is selected by detecting the first break in the log eigenvalue spectrum of A
prior to input into feeding to the RegEM algorithm.

1.2 M09 [Mann et al., 2009]

The M09 implementation of TTLS uses a hybrid version of RegEM-TTLS that treats
low-frequency and high-frequency signals separately (a 20-year frequency split). The re-
construction is then performed in a forward ‘stepwise’ approach century by century. For
each century, only the first M leading modes of surface temperature are retained, de-
termined by the number of degrees of freedom in the proxy network. M09 also uses a
semi-adaptive choice for both low-frequency and high-frequency truncation parameters, kl
and kh respectively. The method selects: 1) kl to retain 33% of the low-frequency multi-
variate data variance, and 2) kh by detecting the first break in the log eigenvalue spectrum
of high-frequency multivariate data variance, which are also calculated for each century of
reconstruction.

1.3 CCA [Smerdon et al., 2010]

Canonical correlation analysis (CCA) is applied as described by Smerdon et al. [2010].
The primary goal of CCA is to perform dimensional reductions on T,P and B in Eq 1.
CCA first decomposes T and P through singular value decomposition (SVD), and only
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uses the first few leading modes (dp, dt) to estimate the covariance matrix Σ̂, and then
further truncates the eigen decomposition of Σ̂ (via the selection of dcca) to estimate B̂.
The truncation parameters are selected based on "leave-half-out" cross-validation (CV), as
described by Smerdon et al. [2010]. See Fig S2 for an illustration of the implementation of
CCA. The procedure is straightforward, and only depends on the choice of three discrete
parameters. Since the set of optimal (dp, dt, dcca) is chosen through CV, model parameters
for CCA are not set a priori, making the method fully data-adaptive.

Below are some technical notes on speeding up CCA and employing the method in
a temporally variant network. Originally, in the study by Smerdon et al. [2010], CCA
is applied on a temporally invariant network, which means that (dp, dt, dcca) only needs
to be chosen once over the entire reconstruction period. In reality (and so in our study),
proxy availability declines back in time, so the truncation parameters should also be chosen
adaptively. In this study, we define patterns of missing values and group proxies with the
same pattern together. Here we provide a simple example to illustrate the process. Assume
we know that 35 proxies are available until A.D. 1000, when estimating the set of truncation
parameters, only temperatures and proxies over the calibration period are used. In this
example, only these 35 proxies will be used for the estimation.

To speed up the computation, we also modified the original code (predccabp.m) pro-
vided in the supplementary info on Smerdon et al. [2010]. Instead of calculating SVD for
T and P every time when performing a CCA reconstruction in the CV process, we apply
SVD only once before using CV to choose the optimal set of parameters.

The code is available at the website (https://code.google.com/p/common-climate/).

1.4 GraphEM [Guillot et al., submitted]

The GraphEM algorithm benefits from recent advances in high-dimensional statistics by
using a Gaussian graphical model [GGMs, a.k.a. Markov random fields, Whittaker , 1990;
Lauritzen, 1996] to estimate the covariance structure of climate fields (Σ, a critical ingredi-
ent of all CFR methods). GGMs provide a natural and flexible framework for modeling the
inherent spatial heterogeneities of high-dimensional spatial fields, which would in general
be more difficult with standard parametric covariance models. At the same time, they
provide the necessary parameter reduction for obtaining precise and well-conditioned esti-
mates of Σ, even when the sample size is much smaller than the number of variables (as is
typically the case in paleoclimate applications).

In the case of multivariate normal data, two variables are conditionally independent
given the rest of the variables if and only if the corresponding element of the inverse covari-
ance matrix Ωij = (Σ−1)ij is equal to zero. Thus, when many variables are conditionally
independent (as is typically the case in climate fields), the inverse covariance matrix Ω is
sparse, and the number of parameters to estimate is greatly reduced.

In GraphEM, the conditional independence structure of the climate field is first es-
timated using an `1-penalized maximum likelihood method (graphical lasso). Once the
conditional independence structure is known, the covariance matrix Σ can be estimated
in accordance with these conditional independence relations within the EM algorithm (see
Fig S1 for an illustration of the GraphEM algorithm).

As described in Guillot et al. [submitted], when estimating the graphical structure of
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the field, three parameters need to be specified to determine the target sparsity of the graph
for the temperature-temperature part (TT), proxy-proxy part (PP), and the temperature-
proxy part (TP). For all three parameters, a value that is large enough has to be specified
so that the true graph is contained in the estimated one. On the other hand, the sparsity
has to be small enough for the covariance matrix to be well-conditioned. For this study,
the parameters have been set to (TT,PP,TP) = (5%, 5%, 5%), following the choices in
[Guillot et al., submitted]. Future studies will explore objective criteria for choosing these
parameters.

2 Results

2.1 Spatial metrics

Figs. S3 - S12 below plot the spatiotemporal variations of CE. The figures are based on
each ensemble median, using the flat network.

2.2 Global average

Table S1 and S2 summarize the weighted global mean (µ̂) verification statistics (CE, RE,
R2) for each century, with the estimated standard deviation (σ̂) displayed in parentheses.

By definition, CE is the most stringent diagnostic. In Table S2 and S1, it is also evident
that reconstruction skill based on CE indicates the worst results. The RE statistic, which
is less stringent than CE, indicates that reconstructions are skillful (if RE > 0) for periods
after A.D 1300 in the local SNR case, and remain skillful during the entire reconstruction
interval for all methods in the max SNR network. R2 is the least strict statistic because it
only accounts for similarity between two time series by trend. As in Table S2, R2 > 0 for
all methods in all cases. With R2 as the judging criterion, CCA stands out in the max SNR
network, which is consistent with the mechanisms of the CCA algorithm, i.e. maximize
the cross-correlation between proxies and temperature time series.

2.3 Additional diagnostics

We also examined the relationship between:

1. CE vs. number of proxies per grid box (Figs. S13 and S14);

2. CE vs. average SNR per grid box (Figs. S15 and S16);

3. CE vs. sum of SNR per grid box (Figs. S17 and S18).

The results indicate that there are no simple apparent relationships between these variables
of interest.
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2.4 Error cancellation in index reconstructions

Following the approach of Guillot et al. [submitted], we consider the positive and negative
contributions to the error in the reconstructed global mean temperature index (Figs. S19
and S20). For every spatial point s in a given year t, we compute the deviation from the
true field T̂ (t, s) − T (t, s), where T̂ is the reconstructed temperature and T is the target
(here the GCM-simulated temperature). Such deviations are then partitioned into positive
and negative contributions, and the area-weighted average of each is computed to form the
timeseries displayed in Figs. S19 and S20.

This allows decomposition of the sum of reconstruction errors (black curves) into con-
tributions stemming from regions of warm or cool biases. In an ideal reconstruction, the
deviations should be small everywhere. In practice, however, reconstructions are often
biased warm (T̂ (t, s) > T (t, s)), but in some locations are biased cold (T̂ (t, s) < T (t, s)).
As long as the positive values are comparable with negative values, the value of the global
mean deviation

〈
T̂ (t, s) − T (t, s)

〉
, which is a simple linear combination of the positive and

negative values, will be small, and so will the RMSE obtained from it.
As shown on Figs. S19 and S20, similar positive errors arise from all methods, but

negative errors arising from RegEM-TTLS and M09 are much higher than those from CCA
and GraphEM. Because the absolute values of RegEM-TTLS and M09’s negative deviations
are comparable with their positive deviations, their overall sum is smaller than those arising
from CCA and GraphEM. Thus we have the counterintuitive circumstance that larger
spatial deviations result in smaller overall errors when composite indices (e.g. global or
hemispheric means) are computed. This finding has important implications for interpreting
CFR results, showing in particular that the global mean temperature reconstruction is a
poor indicator of spatial skill.
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Figure S1: A summary of the GraphEM algorithm. Iterates until convergence. From
Guillot et al. [submitted]
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Figure S2: A summary of the CCA algorithm. Reproduced from Smerdon et al. [2010].
Ts, Ps are temperature T and proxy P standardized over the temporal dimension spanning
the calibration interval, with mean mT ,mP and standard deviation sT , sP , respectively. B
is the regression coefficient matrix.
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Figure S13: Relationship between CE and number of proxies per grid box, using the
staircase network with local SNR.
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Figure S14: Relationship between CE and number of proxies per grid box, using the
staircase network with max SNR.
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Figure S15: Relationship between CE and average SNR per grid box, using the staircase
network with local SNR.
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Figure S16: Relationship between CE and average SNR per grid box, using the staircase
network with max SNR.
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Figure S17: Relationship between CE and sum of SNR per grid box, using the staircase
network with local SNR.
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Figure S18: Relationship between CE and sum of SNR per grid box, using the staircase
network with max SNR.
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Figure S19: Error cancellation analysis, using the staircase network with local SNR.
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Figure S20: Error cancellation analysis, using the staircase network with max SNR.
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