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Abstract. There are many possible “insolation” quantities.
When looking for some astronomical forcing, geologists, pa-
leoclimatologists and climate modellers are often limited by
the available software or web sites that compute or distribute
some specific time series, often with a quite limited docu-
mentation. Furthermore, the astronomical forcing has sev-
eral subtleties that some people might not be aware of, es-
pecially the key difficulty of defining a calendar. This paper
aims therefore at presenting and documenting a rather com-
plete python library designed to compute many astronomical
and insolation quantities relevant to climate: standard ones
like for instance daily insolation; less classical ones like in-
tegrated insolation over time or over space (or both); but also
new quantities that are sometimes discussed in the literature
on a qualitative basis, like the semi-precessional forcing at
low latitudes, something which involves computing minima
and maxima of the solar forcing over the year, a surprising
complex endeavour when looking at generic planetary situa-
tions with arbitrary eccentricity or obliquity. Overall, the aim
is here to provide not only a useful toolbox for scientists, but
also a pedagogical introduction of some subtle difficulties for
students. This is done using the widely used computer lan-
guage python so that the code is easy to understand, to reuse
or modify for various different contexts.

1 Introduction

The role of orbital parameters on Earth’s climate has been
discussed since the discovery of glacial cycles in the 19th
century. It can be easily shown that the three astronomical pa-
rameters relevant for computing the incoming solar radiation
are the eccentricity (e) of the Earth’s orbit, the tilt or oblig-

uity (¢) of the Earth’s axis with respect to the orbital plane,
and the climatic precession angle (z'), which represents the
relative angular position of the seasons with respect to the
perihelion (see for instance: Paillard, 2010; Berger et al.,
1993). From these three numbers, it is possible to compute
many “insolation” quantities, for instance, at different loca-
tions, different seasons, integrated over some time or spa-
tial ranges, eventually above some threshold, or when they
reach some maximum or minimum value. Indeed, for most
paleoclimatic questions, we do not have a full deterministic
understanding of the processes involved and it might be rele-
vant to choose one or the other “insolation” quantity as a first
approximation of the corresponding full actual astronomical
forcing.

The term “insolation” usually refers to the solar irradiance
(measured in Wm™2), ie. the power received by the Earth,
per unit area, at the top of the atmosphere. But we are in-
terested here in many possible different “flavours” of this
quantity, through averaging over the day, over some season,
over some spatial area, or by taking some specific extrema.
In order to avoid confusion, we will use the term “insolation”
between quotes in a loose sense, while using much more spe-
cific vocabulary and notation when necessary. Depending on
the needs, the environments, the preferred platforms or lan-
guages of the user, several software packages are available.
Below (in Table 1) is a small and not exhaustive list of some
possible options to compute easily such insolation quantities.

Concerning the growth and decay of the large Northern
hemisphere ice sheets in the context of Quaternary glacia-
tions, several different suggestions have been put forward
(see Paillard, 2015, for a review). Since the 19th century, it
was obvious that a global mean insolation was not relevant
to climate, and for this reason, astronomers and physicists
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Table 1. A short, non-exhaustive list of available software for insolation computations. The (*) symbol in the “caloric season” column is meant to highlight that the software might not
be able to compute the insolation over caloric seasons for all possible orbital configurations (in particular at low-latitudes with multiple maxima) but was designed mostly for the ice

age problem (high latitudes and Earth-like parameters) as discussed in the main text (see for instance Fig. 10).

Daily Integrated Caloric Min/ above
Name Reference code interface link to software or web page inso inso seasons Max threshold
Berger (1978a) Fortran https://zenodo.org/records/7198109 (last X
access: 5 March 2026)
Laskar et Fortran web interface http://ssp.imcce.fr/insola/earth/online/earth/ X
al. (2004b) online/index.php (last access: 5 March 2026)
Berger (see web site) web interface https://django.elic.ucl.ac.be/berger/insolation/ X X
Insolation (last access: 5 March 2026)
Calculator
AnalySeries Paillard et C++ GUI on old ... outdated X X *)
al. (1996) macOS
PyAnalySeries Hevia-Cruz et python GUI https://github.com/PaleoIPSL/PyAnalySeries X X *)
al. (2025) multiplatform (last access: 5 March 2026)
palinsol Crucifix (2023) R https://doi.org/ X X *) X
10.5281/zenodo.14893715 (Crucifix, 2023)
DInsol v1.0 Oliveira (2023) Fortran GUI https://doi.org/ X
Windows/Linux 10.5194/gmd-16-2371-2023 (Oliveira, 2023)
orbitalchime Lougheed (2025) python https://github.com/bryanlougheed/orbitalchime X X *) X
(last access: 5 March 2026)
inso this paper python https://github.com/dpaillard/Insolation (last X X X X X

access: 5 March 2026)
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were not in favour of any astronomical theory of climate.
But since the key phenomenon involves ice-sheets at high
northern latitude, it was nevertheless suggested that a much
more relevant quantity should be some high northern lati-
tude insolation forcing. If earlier attempts were focussed on
winter insolation, Milankovitch (1941) emphasized that ice-
sheet evolution should be linked mostly to summer temper-
atures and he therefore advocated the use of some summer
high northern latitude insolation forcing. More precisely, he
defined the “caloric summer” as being the half-year during
which the insolation, for any specific day, is larger that the
insolation during the other half, the “caloric winter”. He then
computed manually, using series expansions, the correspond-
ing “insolation” quantities at different latitudes over the last
500 kyr. Since the 1970’s, a more popular definition of “sum-
mer insolation” is the daily insolation at some specific date:
either at the summer solstice which is well-defined astro-
nomically or sometimes at mid-july or some other specific
date which might critically depend on a choice of a calendar
(Berger, 1978a). Still, the use of the averaged insolation over
some period of the year has always been considered useful
(Loutre et al., 2004). More recently, it was also suggested that
computing the sum of incoming solar radiation over some
given threshold could be more relevant to the (threshold) phe-
nomenon of ice freezing/melting (Huybers, 2006).

A mistake frequently made by students or non-specialists
is to compute the average or integrated insolation over some
season, or any other time period, by simply computing the
mean of daily insolation values within the interval. In most
cases, the result is not what is intended. Indeed, it is critical to
account for the varying duration of seasons when the preces-
sion parameter changes, something which requires dedicated
methods and softwares (see Table 1). This varying speed of
the Earth on its orbit corresponds in fact to the actual preces-
sional forcing, since it can be easily demonstrated that the in-
tegrated amount of energy received between two orbital loca-
tion does not depend on precession. A rather similar mistake
is to compute, for instance, some northern hemisphere au-
tumnal (September) insolation using the daily insolation val-
ues exactly a half-year after the NH-spring (March) equinox,
something that is sometimes done implicitly by some soft-
ware. In both cases, these mistakes arise from the difficulty
to define a calendar when the precession parameter is widely
different from today. Indeed, the usual implicit choice is to
define 21 March as the NH-spring equinox, while the num-
ber of days within each astronomical season varies signifi-
cantly. Astronomers use a less ambiguous vocabulary: they
define the “true longitude” of the Earth as being the angular
position with respect to the vernal point (NH-spring equinox)
and the “mean longitude” of the Earth as the position it would
have if the Earth’s movement were regular: in other words,
“mean longitude” stands for “time of the year”. Obviously
climate models are using “time” or “mean longitude” in or-
der to compute their radiative forcing. But when looking at
paleoclimatic data, it usually makes more sense to use “true
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longitude” to better capture some specific orbital configura-
tion.

Computing correctly integrals or averages of insolation,
over some season or some time interval, is in fact what Mi-
lankovitch used as a definition of “caloric seasons” and it
certainly still stands as a quite useful quantity to interpret
paleoclimatic changes. But computing correctly spatial aver-
ages is also very useful and often disregarded. For instance,
in climate models, a usual practice is to use “mid-point” val-
ues as a surrogate for average values. This is probably a rea-
sonable approximation when the grid-size is “small enough”,
but for lower resolution models, such an approximation can
be widely different from the true average, with errors of a
few percent (larger than the astronomical changes) or even
several tens of percent at some specific locations and time.
Instead, the correct integral formulas are quite simple as I
will show below and they could be easily implemented in
models.

Beyond the question of Quaternary cycles, there are
many other climatic questions that are not directly linked to
northern hemisphere summer forcing. For instance, at low
latitudes the precessional forcing is dominant and power
spectra of paleoclimatic records often contain some semi-
precessional component. It is very likely that this results
from some climatic non-linearity and a corresponding am-
plification of the first harmonic of the precessional forcing.
But it might also be possible, as suggested in some publi-
cations, that this semi-precessional component originates di-
rectly from the astronomical forcing (Mclntyre and Molfino,
1996). It is therefore useful to provide “insolation” time-
series showing such a component, the simplest candidate be-
ing the minimum or maximum values of daily averaged in-
solation. Indeed, within the tropics the seasonal insolation
variations are small, but there are possibly two maxima and
two minima. The largest maxima can occur either close to
one equinox or the other, depending on precession. At some
low-latitude locations the precessional astronomical forcing
therefore induces a semi-precessional “insolation” forcing
when looking at extremal values of insolation (Berger et al.,
1997). But interestingly, this phenomenon may partly or en-
tirely disappear when obliquity is sufficiently low and ec-
centricity sufficiently high, as we will demonstrate later in
this paper. Besides, computing these extrema is also a step
to compute precisely the insolation above some threshold, or
over caloric seasons, for all possible astronomical situations.
Overall, it turns out that the computation of minima and max-
ima of daily insolation at some given latitude for any possible
value of obliquity and eccentricity is a non-trivial problem
that will be fully examined below.

2 Basic concepts and formulas

The software and mathematical formula presented here are
quite generic and not restricted to Earth. Still, we are assum-
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ing that the rotation of the planet is much faster than its rev-
olution around its star. In other words, we are assuming that
the planet does not move on its orbit when computing values
for some specific day. This is certainly valid for Earth, but
also certainly not valid for planets whose rotation is tidally
locked, like for instance Mercury. Using this assumption,
a main focus of the paper will be to compute various sea-
sonal insolation quantities for some given configuration of
the three astronomical parameters (eccentricity e, obliquity
&, climatic precession angle @ ).

2.1 Astronomical parameters

The library “astro.py” provides a useful unified interface to
several astronomical solutions for the past and future pa-
rameters of the Earth: Berger (1978a), Laskar et al. (1993,
2004b, 2011), as well as the one used by Milankovitch in
his early publications (1920): Stockwell-Pilgrim (1904). It
thus provides the astronomical parameters required to com-
pute the various different flavours of “insolation” described
in the following. More specifically, the Berger (1978a) solu-
tion is a trigonometric approximation whose validity is quite
restricted and should probably not be used beyond about one
million years. Just as the Stockwell-Pilgrim (1904) or the
Laskar et al. (1993) solutions, it is provided here mostly for
historical reasons, in order to illustrate the influence of these
various solutions on the results. The current reference so-
lution is the Laskar et al. (2004b) one. It is available from
101 Myr in the past to 21 Myr in the future, though its valid-
ity is probably questionable beyond 40 or 50 Myr (see Laskar
etal., 2004, 2011). The Laskar et al. (2011) solution provides
only eccentricity values and cannot be used for insolation
computations.

Orbital parameters of planet Mars are also available
through the solutions Laskar et al. (2003, 2004a) and from
21 Myr BP to 10 Myr AP. Indeed, though the paper is mainly
focussed on the Earth, the provided libraries can be used on
any “fast rotating” planet, and can directly be used to study,
for instance, past Martian climates.

2.2 Daily insolation

To discuss seasonality, we need to define the position of the
Planet on its orbit: one possibility is to use the angular po-
sition, or true longitude As usually measured from the NH-
spring (or march) equinox; the other possibility, discussed
in the next paragraph (Sect. 2.3), is to use the time of the
year, though this requires some calendar. We will further-
more look at insolation quantities at different latitudes ¢. In
the following, we will most of the time integrate over the
rotation of the Planet, which is measured by the hour angle
H (with H = 0 corresponding to noon). It can be shown that
the instantaneous insolation Wi is given by Wy = § (%)2005 Z,
where S is the solar constant (approximately 1365 W m~2 for
the Earth), a is the Earth’s orbit semi-major axis, r the Earth-
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Sun distance, and z is the solar zenith angle (angle between
the Sun and the vertical). This can be written as (see for in-
stance Berger, 1978a):

2
W1=S(C—l) (singsind + cos¢@cosdcos H) @))
r

where § is the declination of the Sun, given by siné =
singsinA.

More precisely, the instantaneous insolation Wy is given
by Eq. (1) only if it is positive, i.e. when the Sun is above the
horizon. By solving Wi = 0 or cosz = 0, we get the hour an-
gle h of sunrise or sunset: cosh = —tangtand when it exists,
which means when —1 < tangtand < 1. Otherwise, we have
h = 0 during the polar night and & = 7 during the polar day.

Obtaining the daily averaged insolation Wp =
[ " , WidH is rather straightforward:
a\?2
Wp = S(—) 1/7 (hsingsind 4+ cos @ cos§ sinh) (2a)
r

In these formulae, the Earth-Sun distance  is given by the

polar equation for an ellipse: r = filezzil, with v (the “true
anomaly”) being the location of the Earth on its orbit with
respect to the perihelion: v=A —@w —m (A is the location
of the Earth on its orbit with respect to the vernal point in
a geocentric view, @ is the location of the perihelion with
respect to the vernal point in an heliocentric view, therefore
we need to add a half-turn 7 to account for the change of

referential). This leads to:

1—ecos(A —w)
Wp=S| ———
1—e2

+cos ¢ cos § sinh) (2b)

2
) 1/m (hsingsind

It can be useful to provide a simple formula for %, valid even
in polar regions. This can be achieved by defining:

§ = max (O, 1 —sin’p — sin28) and p =singsind (with
sind = sinesinl).

Then we always have: i = arccos (ﬁ), with s =0
during the polar day or polar night and /s = cos ¢ cos § sinh.

The above formula for Wp becomes:

1—ecos(A —w) 2
sf—>+> =’
1—e2
1

- (p arccos (\/%;pz) + ﬁ) (2¢)

The daily insolation Wp is therefore the product of the so-
lar constant S, with a factor linked to the Earth-Sun distance
involving the eccentricity e and the Earth’s location with re-
spect to the perihelion (A — @), and with a third “geometric”
term depending on ¢ and §, in an entirely symmetric fash-
ion, corresponding to the averaged zenith angle (cos z). More

Wp =
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precisely, this last term is:

l arccos _—p s =
() )

1 [h h
— cosz dH = —{cos z)
2w J_p b4

In other words, the daily insolation can be written as Wp =

S (%)2;—1(005 z), where we clearly see that the “geometric”
term depends both on the average height of the Sun above
the horizon (cos z) and also on relative day length % The
astronomical parameters (e, €, @ ) have different roles in the
daily insolation: obliquity (¢) influences only this last geo-

metric term %(cos z) while eccentricity and precession (e,

o) intervene only through the distance factor (%)2

2.3 Calendar

As mentioned in the introduction, the definition of a calendar
can be a source of difficulties. Indeed, our usual calendar is
designed to follow the seasonal cycle and it seems natural to
us that equinoxes occur near the 21 March and 21 Septem-
ber, and solstices near the 21 June and 21 December. But
this approximately applies only for our current astronom-
ical setting, with a slightly shorter winter (DJF =90.25d)
and a slightly longer summer (JJA=92d) or 186.5d be-
tween March equinox and September equinox, but 178.5d
between the September and March ones. This corresponds
to Earth’s perihelion being currently reached in winter (the
Earth’s movement being then faster), as well as to a rather
small difference in season durations, in accordance with the
current small eccentricity. But we should remind that we
have two different ways to account for the seasonal move
of the Earth on its orbit: either its true angular position — i.e.
the “true longitude” A already introduced in the preceding
section — or the elapsed time from some reference position
(usually arbitrarily taken as the NH-spring location) —i.e. the
“mean longitude” L. Obviously, applying our current calen-
dar to very different orbital configuration can lead to some
serious misinterpretations and it is therefore critical to un-
derstand this key difficulty.

Applying Kepler’s 2nd law, it is rather simple to trans-
late the true angular position (true longitude 1) into the time
needed to reach it (mean longitude). This conversion can be
obtained more easily when measuring time and angle from
the perihelion. The true angular position is then called the
“true anomaly” v as already introduced above (with v =
A — @ — ) and the “time” from this perihelion position is
called the “mean anomaly” M = 2T”(t — tper) Measured in ra-
dians, with T =1 year. To be very precise, T should be one
anomalistic year, i.e. the (averaged) time for the planet to
travel from perihelion to perihelion. But for the Earth, the
difference with our civil year (based on the tropical year) is
very small. Kepler’s 2nd law states that the line joining Earth
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and Sun sweeps equal areas of space during equal time. This
can be written as:

2
rzd—v =T /1—e

d T
. . . a(l—ez)
Using the equation of the ellipse r = 5, we get:
2 dv 2
a2(1 —ez) /—2 ="a*/1 —ezfdt
(1+ecosv) T
Using the change of variables tan% = ifj tan 3, we fi-
nally obtain the famous Kepler equation:
E—esinE=M 3)

where E is traditionally called the “eccentric anomaly”.

To summarize, knowing the true longitude A, we also know
v and therefore also E. The corresponding mean anomaly,
or “time” M (measured from the perihelion) is then di-
rectly given by Eq. (3). The mean longitude L (from the
NH-spring equinox) can also be obtained by applying the
same procedure to Ao =0 to obtain the mean anomaly of
the reference point My = —2T”tper, the mean longitude be-
ing finally the difference between these two mean anomalies
L =M — My. More generally, we can compute in this way
the time Ly — L1 = My — M| needed to move from one or-
bital position A; to another one A;. The length of seasons
may itself be a quantity of interest for paleoclimatic studies,
as discussed in Berger et al. (2024). In the library, this corre-
sponds to the routine “length_of_season”.

The reverse is also true: from the mean longitude L (or
true time using a given calendar), we can compute the true
longitude A. First, like before, we need to compute the
mean anomaly My of the reference point to obtain the mean
anomaly M = L + My, then solve the Kepler equation to get
the “eccentric anomaly” E, then use the change of variable
to obtain v, and finally deduce A = v+ @ + . This corre-
sponds to the routine “trueLongitude”. For instance, climate
models are based on differential equations, which means that
they compute climate quantities as functions of elapsed time.
Therefore, they need to use some specific calendar to repre-
sent “time” within the annual cycle, and then transform this
time into a true orbital position A. This is precisely what this
routine is doing.

When computing the daily insolation at some specific
“season” or “time of the year”, it is critical to understand
the difference between “true longitude” (for example, the as-
tronomical seasons) and “time elapsed since some reference
point” (in the way our calendar is built). As shown in Fig. 1,
this can make a huge difference. Traditionally, the “refer-
ence point” is the NH-spring equinox, which is associated
to 21 March. Indeed, march was the first month of the year in
the Julian calendar since spring is naturally associated with
the beginning of the year. This (often implicit) convention
means that the NH-autumn equinox can vary widely around
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daily insolation 65°N, september '21st'

2201
2104

200+

N \ YAVAYAVA

1704

inso (W/m?)

160 A

1501

-100 -80 -60 —-40 =20 0
time (kyr)

Figure 1. Daily insolation at 65° N for “21 September”: In blue, it
corresponds to the true (astronomical) september equinox, ie. true
longitude A = . In orange, it corresponds to half a year after the
reference point of the calendar (conventionally the spring equinox)
ie. mean longitude L = 7. As shown on this example, it is critical to
understand the difference between “true longitude” and “time” (or
“mean longitude”), since the amplitude and phase are very different
between the two results.

21 September (usually defined as being about half a year af-
ter 21 March), depending on precession.

3 Some integrals

3.1 Integrals between true longitudes

The daily insolation can be a good “proxy” for some phe-
nomena, but it seems physically more relevant to integrate
this forcing between two orbital locations that can be de-
fined either by their true longitude or by some time inter-
val. For instance, it might be interesting to define a north-
ern hemisphere “summer” forcing by 1ntegrat1n% the forcing
between the spring and autumnal equinoxes: f Autamn s dt

This would give an energy (Jm~2) received over a non-
constant time interval as explained above. A better option
would be to use the associated averaged insolation (W m2),
51mply by dividing by the corresponding duration: Ws =
7w ——— L Twm—— Hawumn o dr In fact, Milankovitch used an-
Autumn —!Spring Sprmg
other possibility (Milankovitch, 1941; Berger, 1978b), which
is to integrate the daily forcing over a fixed given duration,
exactly half a year. More precisely, it is possible to find a
threshold value such that the insolation exceeds it during half
a year (the “caloric summer”) while remaining below it dur-
ing the other half (the “caloric winter”) and to compute the
corresponding integrated insolation over these two periods
(Jm~2), or equivalently the corresponding averaged insola-
tion Wcas and Weaw (in Wm_z) since the duration is by
definition a constant (half a year). It is critical to note that
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integrated summer inso
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390 A
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time (kyr)

Figure 2. Averaged NH-summer insolation defined in two differ-
ent ways. In blue Wy the insolation averaged between the march
and the September equinoxes (between the true longitudes 0 and
7). In orange Waissol (a very good approximation of Wcys) the
insolation averaged over half a year centered at the summer sol-
stice, ie. the “caloric summer” defined by Milankovitch. The blue
curve contains much more precession and is quite similar to the
summer solstice daily insolation. The mean “caloric summer” inso-
lation contains relatively more obliquity.

Ws and Wcyis are in fact entirely different quantities as illus-
trated below on Fig. 2.

Though this definition is quite simple, the precise compu-
tation of Wcys is difficult in the generic case, in particular
when there are several maxima or minima of insolation dur-
ing the annual cycle. This will be discussed later on in details
in Sects. 4 and 5 below. Still Wyjs is most often used in the
context of Quaternary climates and ice ages, for Earth-like
situations at rather high latitudes. Then, the “caloric summer”
is extremely close to the half-year time period centered at the
summer solstice as will be shown later (see Fig. 10). For such
situations, we can therefore compute a very good approxima-

. ~ )\Summer+year/4
tion of Wears as Weats & Wealssol = 773 frqum oo WDAZ.

Similarly, we can also define the winter counterpart as

~ )LWInter+year/4
Weaw ~ Weawso = 773 [y s WD

But before providing formulas for these quantities, it is
worth emphasizing that the integrals are “time” integrals.
It is therefore not correct to add the daily insolation taken
at some different positions nor to take the corresponding
average. In contrast, it is necessary to perform some spe-
cific computation usmg suitable software packages (see Ta-
ble 1). In other words, f % Wpdt should not be confused with

M 2 Wpda. Indeed, here again it is critical to account for the
non-uniform motion of Earth on its orbit since dA/dr is not
constant. We need to use, once more, Kepler’s second law
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r? ‘311; = 2” a®+/1 — ¢2. This gives:

A2 A2
Wpdt =

WDrzdk
M 2na2v1 —e2 )y,

Jip =

With Wp = S(%) 2 (cos z), this leads to:
A2
Wpdr =

Al 7T2\/1—€v/):

Jip = (cos z)dA

Interestingly, for fixed values of (X1,A;) we can note
that the climatic precession angle () has entirely dis-

appeared from this expression, since it is involved only
a

. 2 . . .
in the term (;) — but we still have obliquity (¢) in
h{cos z) and eccentricity (e) in the denominator. In other
words, the amount of energy Ji» received between two
given true longitude (A1, A2) does not depend on preces-
1 Autumn
sion. For Wg = (7 v———— f?»Sprmg Wpdt, we do recover
the precessional forcing, but only thanks to the division
by the time interval (fAutumn — fSpring) Since the conver-
sion between true longitude and time depends on preces-
sion and eccentricity. In the caloric summer Wcassol =
)LSummer+year/4
T/2f

ASummer—year/d Wpdt¢, the longitudes of the integration in-
terval (Asummer—ycar/4> ASummer-ryear/4) are not fixed, but de-
pend themselves on precession. These two possible defini-
tions of “summer” lead to significant differences as illus-
trated on Fig. 2. All these remarks demonstrate how the pre-
cessional forcing is intimately linked to the varying speed of
Earth on its orbit and Kepler’s 2nd law.

We can more generally define:

1 1 A
Wi = Jip = Wpdt
(2 —11) (2 —11) Ji,

S /*2
= h{cos z)dA
(lz—t1)2n2v1—e M
S
(tz —1) 2n2v 1—e2

)
f (hsingsind + cos ¢ cos§ sinh) dA

After some computation, we can express the results using
elliptic integrals (e.g. Loutre et al., 2004; Berger et al., 2010):

S T
Wi =

(2 —11) 2721 — €2

+cosg[E(x, b)I}2 +singtang

([F()», k)]if - coszs[l'[ (A, sin’e, k)]f) } 4)

where k = ”mfp and F (A, k), E(\k), T1 (A sinZe, k) are the

elliptic 1nte§?§ls (Legendre notation) of the 1st, 2nd and 3rd

{ singsine[—h cos )»]i?
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kind:

A do
F(h k)= / S —
0 +/1—kZsin%0
A
E(A,k):/ V1 —k2sin%0do
0
do

A
(A, n, k) :/
0 (1—nsin?0) V1 —k?sin’0

But the functions F(Ak) and T1(Asin®ek) are not always well-
defined in our domain of interest and it is preferable to com-
pute directly the sum P (1, sin?¢, k) defined by:

P(\,n,k) = F (k) — (1 —n)[1(Ank)

_/)‘ ncos’0deo
0 (1—nsin®0) 1 —ksin’0

All these elliptic functions are evaluated using Carlson in-
tegrals, using the SciPy library (Virtanen et al., 2020),
for efficiency and for larger domains of definitions (in
particular when k > 1). Finally, the time interval (f, — 1)
can be computed as explained in the above section (using
At =length_of_ season(trueLonl, trueLon2, e, pre)). This
gives W12 in Eq. (4). The approximation of the “caloric sum-
mer” insolation Wcyssol can be obtained similarly by first
computing the true longitudes Asummer+year/4 and then using
again Eq. (4).

3.2 Integrals between latitudes

It can be also sometimes useful to integrate the daily aver-
aged insolation between two different latitudes:

1 @b

(Wp)ap = WD cos @dg

(singp —sing,) J,,

This can of course be done numerically, but there is a strong
risk to obtain unreliable values near the discontinuities when
sunrise or sunset appear or disappear. Furthermore, the cor-
responding analytical integrals are not difficult to obtain and
are certainly more precise and reliable. I have not found such
expressions in the literature and I think it could be useful
to use them. This is for instance the case for low-resolution
models: indeed, quite generally, models use the “mid-grid
point” values instead of a numerical computation as an ap-
proximation for the true average. This might lead to quite
significant errors, as show on the example below (Fig. 3).
More generally, when comparing models that have been run
at different resolutions, that are using the same solar forcing
but at different “mid-grid points”, it should be emphasized
that using simply a “mid-point value” may lead to wrong in-
terpretations, since the actual forcing applied is not the same.
Specifically, this might be the case at high latitudes near the
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Figure 3. Left: Present-day june solstice daily insolation on a latitude grid with a 10° resolution, using mid-point values (Wp in blue)
or computing the correct averaged values ((Wp) 4 p in orange). Middle: The difference Wp — (Wp)4p can be as high as a few Wm2,
comparable to some astronomically induced changes. Right: The relative error |Wp — (Wp)ap|/(WD) 4 p can be very high at latitudes near

the polar night transition.

polar night limit, like for instance in the context of Quater-
nary glaciations. Furthermore, the correct integrals or aver-
ages are easy to obtain. Concerning the daily insolation, we

have:

S a\2 (8 h

<WD)AB=+(—) / —(cos z) cos pdg
(sinpp —singg) \r oa T

We can introduce the function g (x, y) through:
_—r + ﬁ
Vs+p?

where, as defined in Eq. (2¢): s = max (0, 1 —x* — y?); p =
Xy; x =sind; y = sing.

h 1
g (siné, sing) = —(cos z) = — (parccos (
b4 T

Then:
S a\2 [¥B ) )
(Wp)ap = —(7) / g(sind, sing)cos pdg
(singp —singa) \r/ J,,
S a2 singp .
(Wp)ap = —(7> f g(siné, y)dy
(singpp —singy) \r singa

A primitive of g (x, y) is then & (x, y):
ol (arecos [ =2
4 2 /s + y2
+y+/s —arccos P x(1— y2)
s+ p?
which gives the formula:
S a\? . .
= (—) (h(siné, singpp)
(singpp —singy) \r

—h (sind, sing,))

y
h(x,y)=f0 g(x.y)dy' =

(Wp)ag

&)

We can also similarly obtain rather comparable expressions
for the insolation integrated over some specific sun hour an-

gle instead of the whole day: Wy 1, = ﬁ f}II{l 2WidH and
1
(Waym,)aB = ings—singn). fAB Wi, n, cos pdg

The corresponding routines are available in the library
“inso.py” as described in Appendix A.
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3.3 Integrals between true longitudes and latitudes

For completeness, the library also includes the integral both
over latitude and over some seasonal range:

1 A2 roB
(Wi2)ap= ———F— Wp cos pdpdA
(singp —singa) Ji, Jo,
We have:
1 S T
(Wi2)aB

" (singp —singa) 27/1 — €2 (th — 1)

(6] ©

where G (A, ¢, ¢) is the primitive given by:
1 .
G()»,(p,e)zi Go(A, @, &)+ singcosp
(E(k,k) iy (,\,sin%,k))
2 . v T
—cos“@psing (5 — hcosk) + B} sine (1 — cosk)}

with:

Go(r. 0. ) / et tany do
oA, @, &)= arctan | ——
0 V1 —Kk2sin%0

. T
+ (signg) E (A — AMax) AMax

1
= min (A, arcsin (—))
k

4 Minima and maxima of daily insolation

In the scientific literature, I have not found any systematic
mathematical study of the minima and maxima of the daily
insolation Wp, for a generic planet, at a given latitude and for
arbitrary astronomical parameters (e, €, @ ). Still, extremal
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Figure 4. Distribution of daily insolation as a function of “season” and latitude (both in radians). The “season” is measured through the
true longitude of the Earth, with 0 being the NH-spring equinox. Polar night and day are delimited at high latitudes by a black line. In red,
@Ext (A) indicates the location of minima and maxima. The blue dots correspond to the boundary values of the red curve in the polar day and
night domains and to the points Ap; where @gx (AM) is extremal: these points Ay (“turning points™) give us the latitudes ¢y = @Exi (AM)
beyond which the number of extrema changes. The curve ggx¢ (1) usually consists of two separate branches: a “polar-day-to-polar-day”
branch (H-branch) and a “polar-night-to-polar-night” one (L-branch). Top-left: for present-day values of the orbital parameters. We note
that the L-branch of ggx; (A1) has two “turning points” Apj at low latitudes (blue points), therefore a double maximum insolation near the
equator between the corresponding two latitudes ¢n = @gx (AM). Top-right: when using martian orbital parameters at 10 kyr BP, this low-
latitude double maxima disappear for slightly higher eccentricity. For even higher eccentricity (bottom left) and/or obliquity (bottom right)
the situation can be more complex, since the L-branch can reach the polar day region and splits into two parts (bottom left) or the curve
@Ext (A) may have more minima and maxima (Ap, @) than today (blue points, bottom right). Note that the bottom panels correspond to
fictitious planets: insolation is then expressed in percentage of the “solar” or “stellar” constant.

values are likely to be useful when discussing climatic im- To obtain these extrema, the first step is to compute the
plications. A rather straightforward procedure could be to mathematical derivation of Wp with respect to A.
compute numerically the minimum or maximum of Wp as

a function of A to get directly the extremum. This may be IWp —0=W < 2esin(A — @)

valid in some specific context, when the number of extrema is oA I —ecos(A — @)
known (or assumed known) in advance, but it is likely to fail 1
when we do not know a priori how many maxima and min- +cotA | 1 —

)
ima there is. This is in particular true at low latitudes where (1 — simesin )‘) (1 — heoth)

we can shift from one annual maximum (the typical situa-
tion at mid-latitudes) to two maxima (the typical situation at
the equator). The transition between these two cases depends 1

strongly on the astronomical parameters in a non-trivial way. 1 — hcoth = .2 .2 Desin(A—w)

We can even identify earthly situations (low obliquity, high (1 —simresin )‘) (1 + 17€COS(>~*W)tan)”>
eccentricity) where the second maximum at the equator dis-
appears. In the generic setting, there are many different pos-
sibilities with up to three or more maxima.

The extrema are therefore given by:

where the function & —— 1 — hcoth is strictly increasing
for h between 0 (polar night) and 7 (polar day) and varies
between O and infinity. It is therefore possible to define
its inverse hny (x) : x —> h, where x = 1 — hcoth for any
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Figure 5. Classification of the different possibilities for the L-branch (on the left) and for the H-branch (on the right) as a function of
eccentricity and cosine of obliquity. Earth’s present-day situation is the blue star and its past 100 Myr range is shown as a blue dashed box.
Mars’ present-day situation is the red star and its past 20 Myr range is represented by the red dashed box. For the L-branch, we can have
0, 1 or 2 critical values (@, Ac) in the intervals [—%, %], corresponding to the different domains named LO, L1 and L2 shown on the
figure, separated by colored curves. The L1 domain can itself be separated in 2 sub-domains (L1a, L1b) : in L1a we can have 2 or 4(Am, ¢Mm)
solutions, while in L1b we can have 2 or 0 such solutions. In LO there is always 2 solutions for (Ap, ¢Mm) and in L2 we can also have 2
or 0 such solutions. For the H-branch, the situation is more complex with 14 different cases: we can have 0,1,2,3 or even 4 critical values
(@, Ac) in the intervals [—%, %], therefore the names of the domains HO to H4. Domains H3a and H4b are extremely small, since the blue
and orange lines (labelled eHminl and eHmax) are almost overlapping (see close-up in Appendix B). In the HOb domain, there is always 2

solutions for (Ap, ¢v) which implies that there is some “hidden” extrema very close to the “polar-day” limit.

max/min inso at the equator the location of extrema using the equation:
480 -
¢ = @Ext (A, e, &, @) = arctan
460 - . .
1 — sin%e sin?A
- *COSIQINV
440 sing sini
t
= 420 1
et (7a)
= w00 ‘ (1 — sin?esin®2) (1 + %tank)
380 1 plotted as red curves on Fig. 4 below.
I This is valid only when we have sunrise and sunset (for
360 1 0 < h < m). Of course, during the polar night (A = 0), we are
-500 -400 -300 -200 -100 0 constantly at a minimum (Wp = 0). The curve @gx(%,...)
time (kv will therefore intersect the polar-night domain precisely at
Figure 6. Minimum and maximum daily insolation at the equator A=7%andat A = 37” (the solstices) with g being then the
during the last 500kyr. There is a clear semi-precessional signal latitude of polar circles. During the polar day (& = 7), the
since the maximum switches between times near the march equinox maximum (or possibly the extrema, see below) occur when:
and times near the September equinox and, similarly, the minimum .
switches between solstices 2esin (A — @)
: 1+ ————tanA =0 (7b)

1 —ecos(A —w)

This condition does not depend on latitude (nor on obliquity)
and we can rather easily solve it to obtain the true longitude
APolarDay Of the extrema for the polar day: this leads to a 4th

x > 0. Which leads to:

heh 1 degree polynomial equation (see Appendix B1) with usually

= hINv , . . L
(1 _ sin2e sin? A) (1 + 12_651n(k;_zzr) tank) 2 real sollutlons corresponding to the polar-day maxima in
ecos(A—m) both hemispheres. But for ¢ > 1/3, we can also obtain 4 so-

) lutions as shown on Fig. 4 (bottom left).
But & ineas defined  as  cosh = —tangtand = Unfortunately, Eq. (7a) gives us the latitude @gx; of min-

—tang - s st We can therefore directly obtain ima and maxima of the daily insolation Wp as a function of
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Figure 7. The semi-precessional signal remains visible up to latitudes of about 10° but disappears for higher latitudes as shown above when

looking at the maximum daily insolation at 10 and 15°N.

orbital position, or true longitude, A. But our goal was to do
the opposite: for a given latitude, finding the longitude, or
time of the year, when the daily insolation Wp is extremal.
For a given latitude ¢, we thus need to solve in X the Eq. (7a)
¢ = @Ext (A, e, &, @) in order to obtain the longitudes Agx:.
The key difficulty is, again, to know how many solutions this
equation may have, as illustrated on Fig. 4.

For Earth-like astronomical parameters, we can note that
@Ext as function of A has two well-separated branches: a first
one extending from polar night to polar night, that provides
possible multiple extrema at low latitudes (latitudes between
the blue dots on this branch) — it is referred to as the L-
branch in the following — and a second branch from polar
day to polar day — the H-branch —, that appears to generate
only one maximum at any given latitude, something which
will in fact be proven wrong in the following. Figure 4 also
shows that the situation might become much more complex
for other astronomical parameters (large eccentricity and/or
large obliquity). In order to understand under which criteria
these different possibilities may arise, and in order to find all
possible extrema, we have performed a systematic study as
summarized below.

We note that: oExt(A+me, e, +7m) =
—@ext(M,e,e,w). We also have: ¢pxi(—X,e,6,—w)=
—@Ext (A, e,e,w). We can thus limit our study to some
interval like, for instance, @ € ]—% %[ and A€ ]O, %[

for the L-branch and w € ]%, 37"[ and A € ]0, Z[ for the
H-branch.

To get all roots Agpx; of Eq. (7a), we need to perform the
mathematical derivation of gy (%, e, €, @) with respect to
A and thus identify (Am, om) = (AM, @Ext (AM, €, €, @)) that
satisfy both Eq. (7a) but also %(pExt (M, e,e,m)=0, rep-
resented by blue dots on the above figures. These points
(Am, om) are called “turning points” in the following. Af-
ter some computation (see Appendix B2), this leads us to the

https://doi.org/10.5194/cp-22-647-2026

equation in A:

0 = cos’e + cot?Acot?h — <1 + 2e

2
cos(A—wm)—e cos(A—m)—e
2e - (1—ecos(x—w)) - 36( l—ecos(k—w))

1—¢2
(COS28 + cot2A> 1 ®
1+ cot2x Qesin(A—w)
1+ tani ( 1—ecos(k—w))
withh =h L— as before.
NV (1—sin%e sin?) (1+%tank) )

But solving Eq. (8) might also gives multiple solutions
for Ay and we need to go another step further and locate
the “critical” values Ac that correspond to double-roots of
Eq. (8). This is done (again) by taking the derivative of
Eq. (8) and looking for the values of e for which both Eq. (8)
and its derivative can simultaneously be true. Knowing the
number of such “critical” values for (@, Ac), we can obtain
all possible values of Ay and therefore all the extrema Agy,
for any given situation. This allows us to classify all possible
cases, depending on the number of such critical points. These
critical points might be located on the 2 solutions branches
already identified (details are given in Appendices B2 and
B3), either at rather low latitudes (the L-branch) or at lati-
tudes close to the “polar day” region (H-branch). The final
results are shown on Fig. 5.

This systematic study is of course not always relevant for
the Earth, with a rather low eccentricity (e usually smaller
than 0.06) and moderate obliquity (¢ = cose usually larger
than 0.9) as show by the dashed-blue box on Fig. 5. We will
therefore not provide here a full inspection of all possible
cases, though such a detailed discussion would easily fol-
low from our study and the above figures. Concerning the
H-branch, a surprise is that there is almost always a “turning
point” (Am, ¢Mm), With ¢p located very near the latitude of the
polar day and Ay very close to the polar day value ApolarDay,
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Figure 8. The maximum insolation at 65° N over the last 500 kyr occurs for true longitudes Agx; close to, but not equal to the summer solstice
A= % or 90°) as shown on the left. The corresponding insolation difference (right panel) is quite small, but not entirely negligible.
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Figure 9. Normalized summer insolations at 65° N defined in var-
ious ways. In blue (bottom) the daily summer solstice insolation.
In orange, the integrated insolation above 400Wm™2. In green,
the caloric summer insolation. In dotted red, the integrated insola-
tion above 350 Wm 2. In purple, the integrated insolation above
300 W m~2. In brown, the annual averaged insolation. The inte-
grated insolation above 350 W m~2 is almost identical to the caloric
summer insolation (green and dotted-red lines).

even in the present-day situation (domain HOb on Fig. 5).
Though it is not visible on the top panels of Fig. 4, we can
see on the bottom panels (blue dots) that there is a (Am, ¢@Mm)
just near the polar day values ()\,Pola_ﬂ)ay, <pp01arDay). The dif-
ference is so small for the Earth’s case (much smaller than
1° or 1d between Ay and ApolaDay) that is can certainly be
neglected for all practical purpose.

A more relevant application of this study is to investigate
the number of minima or maxima at low latitudes. Traditional
thinking assumes that such minima or maxima occur near
equinoxes and that it is sufficient to look at this two specific

Clim. Past, 22, 647-673, 2026

periods to discuss the corresponding semi-precessional forc-
ing (Berger et al., 1997). But here again, it was a surprise
to find that, concerning the Earth, the double annual insola-
tion maxima can entirely disappear in some cases, even at
the equator, when transitioning from domain LO to L1b (for
instance, eccentricity larger than 0.066 and obliquity smaller
than 22°): in such situations, when perihelion is close to one
equinox (w is close to 0 or 180°) there is only one maxi-
mum and one minimum daily insolation whatever the lati-
tude, since the role of the distance to the sun (the combined
effect of e and @ on daily insolation) becomes larger than the
role of obliquity. This situation actually happens frequently
for planet Mars as shown on Fig. 4.

Since this systematic study allows us to find, for instance,
all maxima at any given latitude and time, we obtain the max-
imum (the largest maxima) without difficulty. This is partic-
ularly useful to illustrate the semi-precessional forcing near
the equator, as illustrated on Figs. 6 and 7.

Concerning higher latitudes, it is also worth examining
whether the difference between insolation at the maximum
and insolation at the summer solstice is significant or not.
Indeed, the solstice is almost never strictly coincident with
the maximum insolation, except when the perihelion occurs
precisely at the solstice (o = 7§ or @ = 37y and it could be
argued that, for instance, the maximum insolation at 65° N is
climatically more relevant for the ice age problem than the
summer solstice one.

It turns out that, concerning the Earth, the difference re-
mains rather small (smaller than 2 or 3 W m™2) compared
to about 500 W m~2: the relative difference is smaller than
0.5 % and the difference is strongly modulated by the eccen-
tricity, as shown on Fig. 8. In any case, the python libraries
provided here can be used to investigate and discuss these
differences.
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Figure 10. Comparison of W,is and Wy1ss0] at high northern latitudes (65° N) and at lower latitudes (15° N). The difference is negligible
at 65° N (about 0.01 %) but becomes significant at lower latitudes. The approximation Wcyisso1 in the context of Quaternary glaciations is
therefore very good and much faster to compute, while it might fail in other contexts, like lower latitudes or other planetary settings.

5 Insolation integrated above some threshold and
caloric seasons

It was suggested that integrating the daily insolation above
some threshold could be used as a relevant forcing when
studying glaciations, since melting or freezing are them-
selves threshold processes (Huybers, 2006). The simplest
way to produce the corresponding time series for Quater-
nary climates is to compute the daily insolation for every
day of the year, then select and sum the ones above the cho-
sen threshold. This might not be the most efficient way. Be-
sides, discretizing the year into an integer number of days
(360 or 365d) as in Huybers (2006) (using the sum J =
> Wix86400) is not entirely satisfying. Indeed, the num-
ber of days is not an exact integer and furthermore, such a
discrete sum will change discontinuously when the threshold
is modified continuously. Discretization itself might lead to
slight numerical errors.

Overall, it is more direct, more precise and certainly more
robust to compute all the true longitudes At for which the
insolation equals the threshold value (if any), and then inte-
grate Wp (1) between them using Eq. (4). Indeed, from the
above paragraph, we know how to compute the true longi-
tudes Agx¢ of minima and maxima of the daily insolation at
any latitude and for any orbital configuration, as well as the
associated extremal values of daily insolation Wp (Agx). It
is therefore quite straightforward to obtain numerically all
the roots of the equation Wp (A1) = Wrhreshold, identify the
value(s) At; when Wp increases above the threshold and
the value(s) Atp when Wp decreases below Wrhreshold and
finally integrate between the two Jyi12 = J AATT]Z Wpdt as ex-
plained in Sect. 3. This is the strategy used in the routine
“integrated_inso_above()” provided in the python library.

As illustrated on Fig. 9, the insolation integrated above
some threshold is very similar to the daily summer solstice
insolation when the threshold is chosen high enough and gets
progressively closer to the annual average when the thresh-
old is decreased. This is quite expected since the integral will
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cover a larger part of the year when the threshold is lowered.
The role of the precessional component is then decreased
accordingly up to a complete disappearance for the annual
average. Interestingly, for threshold values near 350 W m~2,
the result is almost identical to Wcas &~ Wealssol, i€. the Mi-
lankovitch definition of insolation over the caloric summer.

But instead of using a fixed threshold, we can also use the
same strategy in order to compute the Milankovitch insola-
tion Wcyis (the integral over a “caloric season”) for all pos-
sible orbital situations, even when the daily insolation has
several maxima during the annual cycle, as this is the case in
low latitudes today. As explained in Sect. 3.1, we first need
to find the threshold value such that the insolation exceeds it
during exactly half a year (the “caloric summer”). Since, for
any threshold Wrpeshold, We can obtain as above the value(s)
At1 and the value(s) Aty for which Wp (A1) crosses it up-
wards and downwards, we can also compute the associated
mean longitudes LAt and LAT;, and the corresponding du-
ration(s) LAtz — LAT1, and finally sum up all these durations
in case there are several such intervals. In other words, it is
quite straightforward to define a function f (Wrheshold) that
computes the time during which the insolation remains above
the threshold. By solving f' (Wrhreshold) = 1/2, we get the de-
sired value of Wrpreshold and the caloric summer mean inso-
lation Wcy,s can then be computed as the integral above this
threshold, using the above procedure.

When comparing Wcys (insolation over the caloric sum-
mer) to its approximation Wcaissol (insolation over the half
year centered at the solstice) as shown on Fig. 10, we note
that the difference is very small for the Earth at high north-
ern latitudes. It is therefore fully acceptable to approximate
Wecas with Wegassol and the approximations used by Mi-
lankovitch were in fact quite similar to the ones used here in
Wecaissol- Interestingly, the difference (about 0.01 %) is much
smaller than the one between maximum insolation and in-
solation at the solstice, as shown on Fig. 8 (about 0.3 %),
an approximation that many people are using without further
caution.
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6 Some final comments

There are probably countless possible “flavours” of different
insolation quantities. Overall, testing the response of simple
ice age models to such different possible choices is certainly
quite crucial (Leloup and Paillard, 2022). The objective was
here to present and rapidly discuss the ones that have been
mentioned in the paleoclimate scientific community. Some of
the formulas presented in this paper are very classical, while
others are new, especially the ones concerning the computa-
tion of minima and maxima. The python library is described
in more details below in Appendix A. It is designed to exper-
iment easily with these various kinds of “insolations”. Most
of these routines were initially written in C++ and embed-
ded in the “AnalySeries” MacOS software (Paillard et al.,
1996). The version presented here is written in Python for
an easier and wider access. It can be easily installed using
the command “pip” (pip install inso). It is now used in the
new version “PyAnalySeries” released recently (Hevia-Cruz
et al., 2025).

Appendix A: Python library overview

All the formulas discussed in this paper are implemented in
python and all the figures shown here can be reproduced with
the python file “figures.py”: they can be used as examples for
using the python routines. The library itself is organised in 3

LLINT34 CLINT3

different files: “astro.py”, “inso.py”, “minmax_inso.py”.

A1 Library “astro.py”

This library provides a useful uniform interface to differ-
ent astronomical solutions that have been published. The
first step is to choose the desired solution by defining the
corresponding object: the reference solution is currently the
Laskar et al. (2004b) and it is usually necessary to start with
the line:

a = AstroLaskar2004()

Currently, other possibilities are the objects: As-
troBerger1978(); AstroLaskar1993_01(); Astro-
Laskar1993_11(); AstroLaskarMars2003(); AstroLaskar-
Mars2004();  AstroLaskar2010a();  AstroLaskar2010b();
AstroLaskar2010c(); AstroLaskar2010d(); StockwellPil-
grim1904(). Other astronomical solutions will be added in
future releases.

Time ¢ is expressed in kyrAP (thousands of years after
present), which means that ¢ is positive in the future and neg-
ative in the past. The user should be aware that the starting
time is different for these different solutions: for Laskar’s so-
lutions, # is in thousands of years after 2000 AD; for Berger’s
solution, ¢ is in thousands of years after 1950 AD; for Stock-
well’s solution, ¢ is in thousands of years after 1850 AD.

This information, as well as the original references, can
be easily obtained by calling the “info()” function which is
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returning a string:
a.info()

For each solution, it is possible to check whether orbital
parameters are available for some desired time ¢ using the
boolean function:

a.in_range(t)

The “Laskar2004” solution is available in the range
101 MyrBP to 21 MyrAP.

The “Berger1978” or the “StockwellPilgrim1904” solu-
tions are given for historical purpose: they are trigonomet-
ric approximations: Berger (1978a) is based on Bretagnon
(1974) and Pilgrim (1904) is based on Stockwell (1873).
As such, there is no implemented time limit (the function
in_range() returns always True), but the validity is probably
restricted to about 1 million years in the past or the future for
“Berger78” and much less for “StockwellPilgrim1904”.

The “LaskarMars” solutions (available in the range
21 MyrBP to 11 MyrAP) apply to planet Mars, while all the
other ones concern planet Earth.

The “Laskar1993_01" and “Laskar1993_11" (available in
the range 20 Myr BP to 10 Myr AP) differ in the way the
dynamical ellipticity of the Earth is treated, something that
affects the computation of precession and obliquity on the
million-year time scale. Comparing these two solutions gives
some idea of the associated uncertainties.

The “Laskar2010x” solutions (available in the range
249.999 Myr BP to today) only provide the eccentricity and
therefore cannot be used to compute the insolations discussed
in this paper. It is nevertheless interesting to compare them
in order to better understand the range of validity of the ec-
centricity and to look how they start to diverge beyond about
50 Myr.

For all these solutions (except “Laskar2010x’) we have
access to the climatically relevant astronomical parameters
(eccentricity e, obliquity ¢, climatic precession angle @) at
time ¢ through the function:

a.eccentricity (t)
a.obliquity (t)
a.precession_angle (t)

It is also useful to define a “climatic precession parameter”
as esin which is directly given by the function:

a.precession_parameter(t)
Angles (obliquity ¢ and climatic precession angle @) are ex-
pressed in radians.
A2 Library “inso.py”

From the astronomical parameters obtained through the
above routines, it is then possible to compute the insolation
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quantities described in the paper. In order to be as generic
as possible, the results are always returned in a dimension-
less form: the same routines can therefore be applied to any
planet. But it is necessary to multiply the result by the cor-
responding dimensional quantity (for instance the solar con-
stant, the duration of the day or of the year in the preferred
units).

To obtain the instantaneous insolation from Eq. (1), for
example concerning Earth, at noon, at 45° N, at the summer
solstice, 10 kyr BP, we can write:

solarCte = 1365 # the solar constant in W m™2
H =0 # the hour angle: noon = 0
lat = 45+np.pi/ 180 # the latitude in radians

trueLon = 90xnp.pi/180 # the true longitude of the
Earth at the summer solstice, in radians

t = —10 # 10 thousand year before present
ecc = a.eccentricity (t)

obl=a. obliquity (t)

pre =a.precession_angle (t)

WI =solarCte * inso_radians (h, trueLLon, lat, obl, ecc,
pre)

In the same way, we can get the daily insolation from Eq. (2):

WD =solarCte * inso_ dayly_radians (trueLon, Ilat,
obl, ecc, pre)

As mentioned in the main text, this quantity depends mainly
on two terms: the length of the day between sunrise and
sunset (in dimensionless form %) and the height of the sun
(measured by the averaged cosine of the zenith angle (cos z).
These two terms can be obtained through:

dayLength = 24 xinso_length_of_day
(trueLon, lat, obl) # in hours

meanCosZ = inso_mean_cosz (trueLon, lat, obl)

It can be useful to measure the position of the Earth on
its orbit using time (or, in dimensionless form, mean lon-
gitude or mean anomaly) instead of true longitude or true
anomaly. To perform these conversions, we have the follow-
ing routines. To solve the Kepler Eq. (3) and compute the
eccentric anomaly E, or the true anomaly v, from the mean
anomaly M:

E =solveKepler (ecc, M)
v =trueAnomalie (ecc, M)
And the converse:

M = meanAnomalie (ecc, v)
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Or to get the true longitude from the mean longitude:

trueLon =
refL = 0)

trueLongitude (meanLon, ecc, pre,

where refL is the reference true longitude, by default equal
to the NH-spring equinox (= 0).

It is also possible to obtain the time needed to go for one
orbital position (true longitude = trueLonl) to the next (tru-
eLon?2) using the routine:

delta_t = 365.25 * length_of_season (trueLonl, tru-
eLon2, ecc, pre) #in days

like, for instance, the duration of NH-summer (from NH-
summer solstice to HN-automn equinox):

summer_duration = 365.25 x length_of_season (90:x
np.pi/180, 180*np.pi/180, ecc, pre) # in days

Using these conversions from mean longitude (time) to true
longitude, it is possible to compute the daily insolation at
some calendar date, which means a given number of days (or
mean longitude) measured from a reference true longitude
(refL):

WD = solarCte * inso_ dayly_radians (trueLongi-
tude(meanLon, ecc, pre), lat, obl, ecc, pre)

Or, as a shortcut:

WD = solarCte * inso_dayly_time_radians (meanLon,
lat, obl, ecc, pre)

(beware that this is NOT what people usually want to do
when discussing paleoclimate... see main text).

If we prefer to use the averaged insolation over some part
of the annual cycle, between two orbital positions trueLonl
and trueLon?2, as in Eq. (4), we can use the routine:

W12 = solarCte * inso_ mean_radians (trueLonl, tru-
eLon2, lat, obl, ecc, pre)

The result has the same units as the solar constant (usually in
W m™2). Of course, if instead we want the integral (in Jm~2),
we need to multiply by the duration of this interval :

J12 = solarCte * inso_ mean_radians (trueLonl, tru-
eLon2, lat, obl, ecc, pre) * 365.25 x 24 x 3600 =
length_of_season (trueLonl, trueLon2, ecc, pre)

And if we prefer to refer to orbital positions in terms of mean
longitude, we can use:

WD = solarCte * inso_ mean_time_radians (mean-
Lonl, meanLon2, lat, obl, ecc, pre)

A specific example of this last routine are the approxima-
tion of insolation over caloric seasons (as integrals over the
half-year centered on the solstices). For the caloric northern
hemisphere summer, we have:
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WcalSSol = solarCte #* inso_mean_ time_radians
(—np.pi/2, np.pi/2, lat, obl, ecc, pre, np.pi/2)

Or, as a shortcut:

WcalSSol = solarCte * inso_caloric_summer_NH (lat,
obl, ecc, pre)

And similarly for the caloric northern hemisphere winter:

WcalSSol = solarCte * inso_caloric_winter_NH (lat,
obl, ecc, pre)

These approximations are very good in the context of Qua-
ternary glaciations. A more generic and precise algorithm to
compute WcalS (WcalW) is provided in the library “min-
max_inso.py” described below.

As mentioned in the main text, the daily insolation can
also easily be integrated between different latitudes, lat_a and
lat_b, as in Eq. (5). This is done with the routine:

Wab = solarCte * inso_mean_lat_radians (trueLon,
lat_a, lat_b, obl, ecc, pre)

And finally, as in Eq. (6), we can integrate both of part of
the seasonal cycle between trueL.onl and trueL.on2, and also
between latitudes lat_a and lat_b. This is implemented as:

W12ab = solarCte * inso_mean_lon_lat_radians (tru-
eLonl, trueLon2, lat_a, lat_b, obl, ecc, pre)

If we prefer to integrate insolation only over some part of the
day, between sun hour-angles hl and h2, we can use:

JH = 86400 * solarCte x inso_radians_integ (h1l, h2,
trueLon, lat, obl, ecc, pre) #inJ m—2

And the over latitudes lat_a and lat_b:

JHab = 86400 x solarCte * inso_radians_integ2 (hl,
h2, trueLon, lat_a, lat_b, obl, ecc, pre) #inJm™2

A3 Library “minmax_inso.py”

While many of the routines available in “astro.py” and
“inso.py”, as described above, are available in several other
software packages or languages, the routines in “min-
max_inso.py” are, to my knowledge, entirely new. As de-
scribed in the main text and in the following annex, the math-
ematical derivation is rather tricky and cumbersome. There
are consequently numerous routines in the code that might
not be directly useful to users.

Probably one of the most simple uses of this library is
the computation of the largest daily insolation maximum at
some given location. For instance, at 5° S this can be obtained
through:

solarCte = 1365 # the solar constant in W m ™2

lat = —5 % np.pi/180 # the latitude (5° S) in radians
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Wmax = solarCte * largest_max (lat, ecc, obl, pre)
We can also retrieve the smallest minimum by:
Wmin = solarCte * smallest_ min (lat, ecc, obl, pre)

The full list of daily insolation minima and maxima can be
obtained through:

list = minmax_dayly_inso (lat, ecc, obl, pre)

It is a 2D numpy array with list[i][0] being the true lon-
gitude of the extrema (in radians) and list[i][1] being the
corresponding value of the routine inso.inso_dayly_radians(
list[i][0], lat, obl, ecc, pre).

This array is the concatenation of the two lists correspond-
ing to the L-branch and H-branch, obtained through:

L_minmax(lat, ecc, obl, pre) and H_minmax(lat, ecc,
obl, pre)

Another useful routine presented in the main text is the com-
putation of integrals above some threshold. This is obtained
through the routine:

solarCte = 1365 # the solar constant in W m™2

year =365.25 % 24 % 3600 # the
tion of the year in seconds

dura-

thresh =350/solarCte # the threshold as a dimension-
less value

JT =solarCte % year * integrated_inso_above (thresh,
lat, ecc, obl, pre) #inJ m~2

It is also possible to compute the insolation received during
the “caloric seasons” (for example during the caloric sum-
mer) in the most generic settings, using the routine:

WCalS = solarCte * inso_caloric_summer (lat, ecc,
obl, pre) #in Wm™2

Most of the other routines in this library are for internal use.
They might nevertheless be interesting for people who would
like to look in more details at this question of insolation ex-
trema. To compute them, it is necessary to build a list of both
the boundaries, either ApolarDay OF :I:%, and of the “turning
points” Ay given by the solutions of Eq. (8): the extrema are
then located between two successive values of this list. For
respectively the L-branch and the H-branch, we obtain these
lists by calling:

L_branch(ecc, obl, pre) and H_branch(ecc, obl, pre)
The Anm values are themselves obtained respectively by:

Ibd_minmaxL(ecc, obl, per, critPoints)
and lambda_minmaxH(ecc, obl, per, critPoints)

where the variable “critPoints” contains information on the
critical Ac values and is obtained through the routines
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Ibd_critL(ecc, ¢) and Ibd_critH(ecc, e)

where ¢ =np.cos( obl ).

The library also contains the definition of the boundaries
for the different domains illustrated on Fig. 5 as well as sev-
eral plotting routines useful to examine the mathematical
problem, notably:

plot_Ldomains() and plot_Hdomains()

used to draw Figs. 5 or B4, and plot_Hdomains_zoomed() to
draw Fig. B9.

The summary plots shown on Fig. 4 are obtained with the
routine

plot_inso_with_min_max (solarCte, ecc, obl, pre)

Appendix B: Derivation of some formulas

B1 Solving Eq. (7b)

The domain of definition of @gx; (shown on Fig. B1) may
start or end on the polar-day region at the true longitude
APolarDay corresponding to the Eq. (7b):

2esin (A —
Mtankzo
1 —ecos(A— )

Note that ApolarDay depends only on e and w. With x = A —
@, Eq. (7b) is equivalent to:

2esinx
cotx+w)=———
1 — ecosx
2esinx
w = —x —arccot| ———— ) +kmw
1 — ecosx

T 2esinx
w=——x+arctan| ——— | + k7

2 1 — ecosx

this last expression being preferred, since it is continuous
everywhere with the standard definition of arctan(), with
k being some integer. When the function @ (x) defined as
above is monotonous, there is a unique inverse function
@ ~1() and therefore two solutions for x: x = w ~}(w) and
x=w Yo +n).

do _ 4ecosx+3e%cos?x —(1+6e2)

The derivative is zero

dx T (1—ecosx)?+4e2sin’x
—2+4+/7+18¢2 S .
when cosx = +3—e+e, which is possible only when

—244/7+18¢2
3e

always decreasing for e < % and Eq. (7b) has then only two
solutions ApolaDay = @ + w‘l(w) or w+ w‘l(w + 1)
corresponding to summer in both hemispheres.

<1, ie. when e > % In other words, w(x) is
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But when e > % we might have two additional solutions

for —x. < x < x. with:

( 24T+ 182
Xc¢ = arccos T

T (—2+«/7+18e2>
= — —arccos| ————————

) and @ (x¢)

3e

27/ =11 —9¢2 + 447 + 182
5T+ 182

More precisely, Eq. (7b) is equivalent to:

—+ arctan (

2esinx cos(x+w@) cosxcosw — sinx sinw
1 —ecosx  sin(x+w) cosxsinw + sinx cosw
Using cosx = =22 ginx = 2 (with ¢ = tan %), we have:
g T4 1442 - 2/ :
2 .
(1—1)cosw — 2 sinw et

(1 —1?)sinw + 21 cosar _l+t2—e(l —1?)

(1) coser —2esiner ) (142 — e (1-1)) +

4et ((1 — t2) siner + 2t cosw) =0

This is a 4th degree polynomial equation in ¢ that can be
solved by standard techniques. As explained above, there will
be always at least two real roots #; and #, and when e > %
and @ (x;) <w <7m — @ (x.) we will also have two addi-
tional real roots #3 and #4. For each one, we can compute the
corresponding true longitude of the “polar-day” extremum:
APolarDay_i = @ + 2arctant;. The two first roots are the true
longitude of the bounds of the H-branch of pg (1) while the
eventual two last ones are the intersection of the L-branch

with the polar-day limit.

B2 Finding Eq. (8)

Equation (7a) gives us the latitude @gx; of the extrema of the
daily insolation Wp as a function of true longitude A; in other
words, it defines ggx¢ (%, e, €, @ ). To obtain the minima and
maxima of this curve, we want to compute its derivative and
solve %fpgxt (A, e, e, @) =0in order to find the correspond-
ing true longitude Apj.

First it is useful to introduce some new notation:

c=cos¢
w = cotA

2¢  sin(A— @)
I = o T ccosth—m)
We can check that:

% + w? _ cos¢ + cot?A
T+w?2 ~ 1+co2x
%+ w? 1—c?

sin®Asine = 1 — =
1+w?2  14w?

=1 —sin®Asin%e
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eccentricity = 0.2

4
3 H-branch L-branch
24
~
1
04 L-branch H-branch
_1 4
-1 0 1 2 3 4

eccentricity = 0.5

4
5] H-branch L-branch
24
~
14
oA L-branch H-branch
_1 4
-1 0 1 2 3 4

Figure B1. The domains of definition of ¢gx¢ (1, e, €, @) for the L-branch and H-branch, for two different values of the eccentricity: on the
left e = 0.2 and on the right e = 0.5. For low eccentricity (e < 1/3), for a given value of @, the L-branch starts and ends on the polar night
with A = %(modrr) while the H-branch starts and ends on the polar day regions with A = ApolarDay the two reals roots of Eq. (7b). For high
eccentricity (e > 1/3) the L-branch also intersects the polar-day region when @ is near %(modﬂ) at the two supplementary roots of Eq. (7b)

as shown on Fig. 4b.

implicit solutions for the critical points

— ¢=0.05
3.0 —— ¢=0.25
Y — c=0.5
2.5 / — c=0.7
—— c=0.9
— ¢=0.99
2.0
< 1.5
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0.0
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u = cos?(A)

Figure B2. Implicit solutions of Eq. (B5) for some values of c.

and then we can write Eq. (7a) in the following way:

tan? gy = (CTJF“;Z) cos2h
i (B1)
1 — heoth = 1+f< W )

c2+w?

‘We look for AM such that -2 37 PExt = 0 or equivalently for w

such tha%t mtan @ext = 0.
That is:

9 9 2 2
—tanszxt = — (C tw coszh) =

Jw Jw

2 2
oh
2 w cos’h —2 crw coshsinh— =0
1—¢2 1—¢2 ow
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or equivalently:

oh w "

—=|—5——]co

dw 2+ w?

But h is defined also by the 2nd equation of
B1):(1 —hcoth)(1+ ) — ( 14w ) = 0. We have therefore

c2+w?
to compute its derivative and introduce the above new
constraint in it, in order to obtain Eq. (8). We have:

0 (14w 5 1—c?
dw <cz+w2>__ w(02+w2)2
0 _ 2
ﬁ(l — hcoth) = ( (1 + cot h) —coth) < )
:(h (1+cot2h)—coth ( )coth
_ 2 2
= (hcoth (1 + cot h) cot h) <7c2 n wz)
f 1+w 2
<(1—(1+f) <7+w2>)<1+cot h)
2 w (i 1+ w2\ 1 +cot?h
_mth><2+w2>_<1 (2+w2> 1+f)
( )(l-i—f)f(l—hcoth)—(l-i—f)
14+w 1+ cot?h w
(- () ) (e5e)
+w w
=<1+f—<2+ ><1+coth))<cz+w2>
1+w 1+ w? 2 w
(- () - (5 )eoon) ()

(B2a)
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Figure B3. Left: solutions hSOL(c,u)=hSOL(cosscosz)») of Eq. (B5) for various values of c. Right: the corresponding values of
eL (c, cos2k) using Eq. (S6). Critical points Ac (when they exist) are obtained by solving in Ac the equation e = ey, (cos g, cos2kc) for

some given (e¢).

Critical points on the L-branch

1.0
—— elLmin
elLl
----- cZero
0.8 1
> | e
S 0.6 Lla
b=
=4
o * *
1)
9]
I 0.44
[V}

0.0 0.2 0.4 0.6 0.8 1.0
c = cos(g) = cos(obliquity)

Figure B4. In the (c = cosg, e) space (top), the regions for which
e =ep (c,u)has 0, 1 or 2 solutions ¢ (LO, L1, L2) delimited by e =

e (c)= ;:E; (orange) and by e = ep MmIN(c) (blue), which cross at

fe.e) = {@é

parts (L1a, L1b) depending on the relative positions of the critical
solutions (cf. next figure). The red stars corresponds to the different
situations illustrated in Fig. BS.

} (black dot). The L1 domain is itself divided in 2

a <f_ <c2+w2>cot h) (c2+w2> _w(cz+w2)2
J 1+w?
a +f)%(1 — heoth) = (f — <m> cot2h>

( w )_ 1—¢2
cz+w? w(cz+w2)2

(B2b)

https://doi.org/10.5194/cp-22-647-2026

To compute f

tions:

it is useful to introduce further new nota-

V1 —e?sin(h — @)

1 —ecos(A—w)

cos(A—w)—e

sina = and cosa =

1 —ecos(A —w)
where we can check that:

1 —¢?)sin® (A — r—w)—e)
sinle 4+ coste — (1—¢?)sin* (A — @)+ (cos(A — ) —e) _
(1 —ecos(h — w))?

V1 —e2sina

1+ecosa

cos
sin(A —w) = and cos(A —w) = ate

1 +ecosax
This gives us:

cosa (1 + ecosa)

' 1 1
%S“’“—_<1+w2> Ny

a 1 1
ﬁcosa—(l_i_wz) /1_62

sina (1 4+ ecosa)

Fe 2esina

Cw/1—é?
af 1 2esina N 1 2e dsina '
dw  w?JI—e2 wil—e\ w )

fo1 1 2e
- === cosa (1 4 ecosa)
w 1—e2

+ w?
= <1+w >(f+w f—|— (cosa+ecos2a>>

Therefore:
1 1 1
wl+f\c2+w?

2e (cosa + ecos’ar) )

(1 —hcoth)i(l +f)=—
ow

— (B2¢)

<f+w2f+
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By summing up Eqs. (B2a, b, c), we get:

wl4 f\c?+w? 1—e2

2
0=_l 1 ( 1 ><f+w2f+2e(cosa+ecosa)>

1+ w? 2 w 1—¢?
+( f— =—= |cot“h —w
2+ w? 2+ w? (c2+w2)2

1—c2 1
+2w—50=——
(¢ +w?) I+ f
f+w2f+ 2 cosa + 2 cos’a
1 —e2 1 —e?
2 2
—c I4+w 2 5
th
<f+ 2 +w? <c2+w2)co )w
1 2ecosa 6> 5
0=— 1+f ft+w f +—1_ezcosa
42 1-¢2
_ 1— ) 2
- ( 51na)+fw+2+ww
1+w? 1
(e
cc4w 1+ f
2ecosa 6¢? 2

cos o

2 2 2
(f+w fHw f + — o2 +1—e2

4e? | 1+w? 2 9
— —— t°h
1_e>—|-f + +w2w <62+w2>w co

1+ (1322> (2¢ — cosa — 3ecos’a)
1+ f

1—¢2 14 w?
+ fw?+ +c w2—< tw >w200t2h

2 c2+w2
alte .
1+ f 2+ w?

( )wcoth

( ) (2e —cosa — 3ecosza) 14 w? g
L+ f ¢ +w?

1 4 w?
o w2cot?h

0=—|1+w?f—

) 2¢ —cosqo — 3ecos2a)

In other words, as mentioned in the main text, Eq. (8) reads:

_ 2 2 24w?
0= c? 4+ w?cot’h — g<1+w)
_ 1 14
l—hCOth—m(—w)

c2+w?

2 2
1+( 1722 ) (2e—cosar—3ecos’ar)
I+f

with g =
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1—c )

(B3)

B3 Classifying all possible cases for the minima and
maxima

To obtain all values of true longitude A for minima and max-
ima at a specific latitude ¢, we can solve Eq. (7a) numerically
with A between successive values of Ay since there is one
and only one such root. But to find all possible values of Ay,
we also need to solve Eq. (8) numerically, with Ay between
successive values of Ac which are roots of Eq. (8) and of its
derivative.

To obtain these critical Ac values, in addition to Eq. (B3)
we therefore need to solve:

a 5 2 +w?
0=— 5w {c +w?cot’h — g(1+w2)}

We have:

dcot’h oh
co = —2coth (1 + cotzh) — =
Jw Jw

-2 (l + cotzh) (%) cot?h
cc+w

3 (w?cot?h) ) ) w?

2w

= ﬁcot% (cz — w2c0t2h)
c+w

The definition of g gives us:

2
g+ f)—-1= (1 _e€2> <2e—cosa—3ecoszot)

2
= u)zf2 — ¢ (cosa + ecosza)
1—e?

Therefore:
(’?1]; = %(1+1w2)<f—|—w f—|— — (cosot—|—ecoszoz))
1

( )(f+w Frwfielo g(1+f))

1
(1+w2)( ) <1+f>
1 af 11 1
_(1+f)237w_51+f(1+w2)

g 1 2e
( +w’f — 8) ow = 14T <71_62)(1+6ecosa)

d 2e 5
—cosa |1+ —— <2e —cosa — 3ecos a)
dw 1—e2

d 1 _ 1 2e 146
+£<l+f)__l+f<l—ez>( + 6ecosa)
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e =0.3 c = cos(e) = 0.380 :Lla
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Figure B5. Examples showing the values of Ay (blue lines) as functions of @, with branches delimited by the critical points (@wcAc) (black
dots) for the (c, e) parameters shown as red stars in the previous figure. In the LO case (middle down panel), there are two extrema App for
every value of @, corresponding the Earth’s situation at low latitudes. In the L1b case (right panels), the critical points (wcic) are in the
top-left/bottom-right quadrant: there are either two extrema A for a given value of @, like before, or no such extrema when @ is near O (or
1), more precisely for —wc < @ < wc. In the L1a case (left and middle top panels), the critical points (wcAc) are in the top-right/bottom-
left quadrant: there are either two or four extrema Ay depending on . In the L2 case (left bottom panel), there are also either two or four
extrema A1 depending on @ with respect to the critical points.

sino

1 1
—1
m( +ecosa)+ g— <1+w2>
1 1 4 6ecosa
(10— )= (L)

1—e¢2

!

E<1+w2>
, o I

I+u?f—g) = 1—|—f(1—e2)

1 1
+ 7ecosa + 6e cos2ot>( )fw—}—g;

(

( 1+ w?
(1) (-7
(1~ ecos’ar + 7e (cosar +ecos’ a))(
fw
(15
(i

(1 +ecosa) (17

R

Te 2
sm o+ (cosoc + ecos oz)
1—e2

) s () (4

fw

- ( + 0?14 (14wl 2 =g (14 ) )
fw
4

() oot () -0
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1

_ R WA
_ 1+f(18+15f l4g(l+f)><1+w2) .

1 1 3 ([ +w?
+g;(1+w2)(l+u/'f g>8w{(1+w2>g}
2

—c 2+ w? 1 2
(1+w2)2g+ (1+w?)’ (gE (14w =)

W (e 2,2
Y (18 14g(1+ f)+ 152w ))

=4+2w

Therefore, we have the equation:

1—¢2

cot?h (c2 — w200t2h> =2w 58

v -
2+ w? (14 w?)

?+w? g(1+w2f—g)
+ 2
(1+w?) w
2.2
_wf (18— 14g(1+ )+ 157w ))w2cot2
A1+ f)

2 2
h (02 - w2cot2h) = w2g (1 — cz) (C&

1+w2)2
+1 2 4+ w?
2\ 14 w?

2

) (el
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ho(c)

2.9 A1

2.8 1

2.71

2.6 1

ho(c)

2.51

2.4

2.31

2.21

0.0 0.2 0.4 0.6 0.8 10
c = cos(g)
Figure B6. Lower boundary kg (c) of the domain of definition of
usoL (¢, h).

41+ 1)
2 2 2 2
2. 2, (2 2 2\ 2 ctw ctw
wcoth(c —wcoth)_wg<1—1+w2><1+w2)

1w , wlf(18+15f2w?) 9
*5(1+w2) §78 e

41+ 1)
But from Eq. (B3) we also have: w?cot’h = g (Clzr—ww;) —c2

Cwif(18—14g(1+ )+ 15f2w2))

Therefore:

| 2 4+ w? 2+ w? +1 2 +w?
14+ w? 14+ w? 2\ 14 w?
, wif 18+15f2w2)+9w2

£§78 40+ f) 2
2

c2g<c

2
+w2>—2c4— <C —i—w) =u)2
14+ w?
c? +u) cz—i—w2 2 +w
14+ w? 14+ w? 1+w

18+ 15 f2w?)
<g_g2 /(

41+ 1)
Clim. Past, 22, 647-673, 2026

\/\ /

2
1+ w? 2+ w?

( 1+ w? ) Cules L <_g2_ w? f (18 + 15 f2w?)
2 +w?

2 41+ 1)

9w? 14+ w?
+(1+Tf> g) %8 <362_w2) <c2+w2) +2u'
2
4t ¢+ w? zgz_wzf(IS—i—lezwz)
1+ w? 401+ f)
ow? 2 2o\ (1w
1+ 22 f)g0= 1—2(3 _
+< + > f)g g +( c w><c2+w2>
9w? A+w\? wlf(18+1572uw?
_2w2+7f>g+4c4<1 2) Cwif( )
+w

41+ f)
3w? — 25+ 8w?)  9w?
=g+ 21 w2 nd
cc+w 2

o 1+ w? 22 f 2.2

We finally get the equation satisfied by the critical points Ac:

24w?
2
1 2 2 ¢2
(4c(;:5}) — 2 (L) (18 + 15w f))
0 =c?+w?cot’h — g( )
w

+
_ 1+
1 —hcoth = 1+f <02+w2>

0 :g2+g(3w2—02(5+8w2) _’_Mf)

(B4)

Using again some new notation:

x =1— hcoth
2
U = Ccos2h = w ; w? = “
1+ w2 1—u
We have:

T+w2\ [, ,(1-x\°
&= 2+ w? cw h

f_l 1 4 w? .
T x \ 2+ w2

And we can write Eq. (B4) as an equation only in (i, &, ¢):
0=4uy? —6h*y[(r — 2u)x — 3u] — 3h*

[(u+c2(1 —u)>3(u —6)x3 +5x% —3rx +5u:| (B5)
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Figure B7. Top: ugor (c, h) for various values of c, in the increasing (left) and decreasing (right) ranges of /¢ (c). Bottom: the corresponding
values of the eccentricity ey(c, h) using Eq. (B6). Critical points Ac (when they exist) are obtained by solving in h the equation e =
ey (cose, h) for given (e, c): the number of such points depends on the value of e with respect to the bounds and extrema of these curves.

1 g!oundaries of ey(c, h): eno(c) (h=he(c)) and 1/3 (h=m)

— eHo
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=
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Figure B8. Left: the end-points of ey(c, h) for h = 7 (in orange ey (c,7) = %) and for & = hq(c) (in blue ey (c, ho(c)) = ego(c)). The
eHo (¢) curve starts at the point {cpg, 1}, has a cusp point at {cgr, 0}, and ends at the point {1, efg(1)}. Right : Extrema of the function
eq(c, h): the minima egpint (¢) in blue and egmin2 (¢) in green, and the maximum egpax (¢) in orange. The minimum egpfing (¢) (blue)
is defined for all values of ¢ and egpmin (0) =0 and epming (1) 2~ 0.322038. The minimum eppin2 (¢) (green) is relevant (smaller than
1) for ¢ > comin = 0.329897 and defined for ¢ < cor the cusp point of eyyg (c). The maximum egpax (¢) is relevant (smaller than 1) for

¢ > coMax =~ 0.338792.
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using:
x =1— hcoth
y=x(1-— x)2

r=(2+3u)02+5(1—c

2) u2
5 = 3u> (2 + 3u) — 22 (2 13u+ 2> + 9u3)
+cr164+9u)(1 —u)?

For a given ¢ = cose¢, as shown on Fig. B2, we note that this
Eq. (B5) has two well separated branches: a first branch with
h < 2, that can be described by a solution # = hgor.(c, #) and
a second one with 2 > 2 (in fact, i > hoy =~ 2.21, see below)
which is given by a solution u = usor(c, h).

These two solution branches usoy (c, #) and hsor.(c, u) do,
in fact, correspond to the H-branch and L-branch mentioned
in the main text. But usor.(c, k) and hsor(c, u) are still im-
plicit since we are looking for the corresponding functions
wc(c,e) or Ac(c, e). This last step is easily obtained by not-
ing that f, g and w are linked to the eccentricity e in the
following way:

2e

and sina = ( )

1—¢? 3
cosa + ecos’a + esina = ( ¢ ) (l—i- ngfz—g(l-l-f))

1—
cosa + ecos’a = (

>(1+w2f27g(1+f))

2e
)
cosoz=—e—i—<l ¢ )(1+§w2f2—g(l+f))
2e 2

2

_ 2 _ 2

() (52 10

1—é? 1—é? 3
1=( 12 >w2f2+6272e( 2% >(1+§w2f2
1—e2\’ 3 5.0 2

22

(1-0)= (1) (5E - (1+ 32 s 4.0)

1-¢ 3 90 ’ 2 2.2
~I—< %) )(l—l—iwf —g(1+f)> de =w” f

—462(1+%w2f2—g(1+f)>~|—(1—ez)

2
(1 - %wzf2 -g(1 +f)> e (4+4(1 + %w?fz —g(l +f)>

fg(1+f))+(

2 2
+(1+%w2f2—g(l+f)) )=w2f2+(1+;w2f2—g(l+f))
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2
e2<2+ (1+ %wzfz—g(lJrf))) =w’f?
3 2
+ (1+§w2f2—g(1+f))

w2+ (14wl g1+ )’
(2+ (1 +3uw2f2 g1 +f)))2

62_

w £ (14307 - g4 )’
(3+3u2r2 -5+ )

Substituting (w, f, g) as above, we can write e as a function
of our variables (c, u, h):

4+ 4b% +16a +9a* — 4b(2 + 3a)
= h) = B6
e=esoL(c,u,h) \/ b —3a_6) (B6)
with:
1 u 1 2
= — (1 — hcoth
(1—hcoth)2<l—u><62(l—u)+u ( €0 )>

B 1 c2(1 — u) + u (coth)?
" (1= hcoth)(1 —u) (2(1—u)+ u)z

Solutions of Eq. (B5) can therefore be written as:

e=c¢ep(c,u) =esoL(c,u, hsor(c,u)) for the L-branch
e =ey(c, h) = esoL (¢, usoL(c, h), h)for the H-branch.

B3.1 L-branch solution A= hgo (c,u) ore =¢e| (c,u)

We have hsor(c,0) =0 and hsor(c, 1) = /2 for all values
of c. The derivative at u = 1 can be obtained through Taylor
expansion of Eq. (B5):

ah 10¢2 — 6
( SOL>(C’1)= 10c” -6

which vanishes for ¢ = /3/5.
ou 3r

Critical values (Ac, wc) are obtained by solving e = e,
(cose, cosZh) for given astronomical parameters (e, €). De-
pending on ¢, we see on Fig. B3 (right panel) that there is 0,
1 or 2 solutions. The end points are:

A=%:>u=cosA=Oz>eL(c,O)=1.
1—¢2
3—¢c2

A=0=u=cosh=1=eL(c,1)=er1(c)=

We remark (cf. Fig. B3, right panel) that e, (c, #) has a mini-
mum when c is small enough (when ¢ is large enough). This
happens when the derivative der /dA is negative for A =0 i.e.
c < +/3/5 (or & > 39,23°). Therefore, for 0 < ¢ < +/3/5 we
can compute (numerically) a minimum ey miN(c).

To summarize, we end-up with three possibilities:

—ife>epr(c)=
(Ac, wc).

2, there is only one critical value
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Critical points on the H-branch

Critical points on the H-branch
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Figure B9. On the left, in the (c = cose, e) space, the 14 regions for which e = ey (c, h) has 0, 1, 2, 3 or 4 solutions Ac. The red stars
corresponds to the different situations illustrated in Fig. B10. On the right, a close up around the H4a domain: note that this is the difference
e — egMin1 (¢) and the vertical axis is strongly enlarged since egmax(c) and egming (¢) are extremely close to each other (difference is about

10~% or 1079).
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Figure B10. Examples showing the values of ipg (blue lines) as functions of @, with branches delimited by the critical points (wcAc)
(black dots) for the (c, e) parameters shown as red stars in the previous figure. In the HOb case (top left) ie. the Earth situation, there is always
an extremal value A\ very close to the polar-day limit (pink areas). Other various cases are also illustrated.
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. _ 2
- if ¢<4/3/5 and ;_ﬁ =ep1(c) > e > epmin(c), we
have two critical values (Ac1, wc1), (Ac2, ©C2).

Otherwise, there is no critical value.
We have therefore the three domains in the (¢ = cose, ¢)
space, noted as LO, L1 and L2, as represented on Fig. B4,

with the L1 domain above the ey (c) = % curve; the L2
domain between the er; (¢) and eppn(c) and the LO domain
below. From these critical values and Egs. (8) or (B3), we can
compute all the possible Ay values between the boundaries

and the successive critical Ac values.

B3.2 H-branch solution v = ugg (ch) or e = ey (ch)

We note that usor(c, h) is defined only for /4 near its maxi-
mum value 7. More precisely, the boundary values for & are
given by usoL (¢, ho(c)) = usorL (¢, ) =0 and hg(c) is the
non trivial solution of Eq. (B5) with u = 0:

0 = 3¢*(1 — heoth)? +2 (1 42— coch) (1 — heoth) +3

which implicitly gives us kg (c). We note that hg(c) is first
decreasing, then increasing, as shown on Fig. B6:

Values at ¢=0 and 1 are hy(0)~2.43769961 and
ho (1) ~2.89659385 and the minimum of A4g(c) is obtained
when 1+6h coth (1 — cot®h)+6cot>h =, which gives com =
0.7082284 and honm = ho (com) =~ 2.2137041

For each values (h, usor(c, h)), we have the corresponding
one for e according to Eq. (B6). We can therefore plot the
curves ey(c, h) as below for different values of c. Finally, we
get the critical values (Ac, wc) by solving in A the equation
e = ey(c, h) for given parameters (e, ¢).

For the two limit values ho(c) and 7, we have u = 0 and
1—c2(1—hcoth)
1-3c2(1—hcoth) |

For h = 7, we therefore have for all values of ¢, ey (¢, )
=1/3.

For h = ho(c), we obtain the curve epg(c) = en(c, ho(c))
represented below. This curve has a cusp point at
cor = 0.597436228, hq(cor) =~ 2.24670472895 (engo(cor) =
0). The value hg(c) is meaningful only when eqp(c) < 1,
we leads to ¢ > cos =~ 0.389149334. We compute eyq (1) =
0.3151957799.

Besides, between the two end-points & = ho(c) and 7, the
curve ey(c, h) has possibly up to two minima and one max-
imum. It seems difficult to determine analytically these ex-
trema. A good strategy is to build a reasonable approxima-
tion (interpolation) for a given set of values for ¢, and to
start from these starting points an optimisation routine which
would therefore converge more rapidly. This gives the curves
below (in blue and green, the minima of ey(c, h): eAmin1(c)
and egmin2(c), and in orange the maximum egpmax(c))-

By combining the two panels of the above figure, we thus
obtain Fig. B9 that classify all possible cases for the num-
ber of critical points in the different regions of the parameter
space (c =cos ¢, e), with 14 different regions and up to 4
critical values (Ac, wc).

consequently ey(c, h = or ho(c)) =
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Code availability. Zenodo: https://doi.org/10.5281/zenodo.15682056

(Paillard, 2025). The package can be easily downloaded and in-
stalled through the command line: pip install inso.
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